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Abstract. The three-layer Maxwell half-space model of the 
earth and a disk-load approximation of the Weichselian 
deglaciation history of Fennoscandia are used to calculate 
glacio-isostatic adjustment for this region. The calculations 
include the effects of deglaciation-induced geoid perturba­
tions and eustatic sea-level rise and regard (1) lithosphere 
thickness, (2) asthenosphere viscosity and (3) ice thickness 
as the free model parameters. Numerical values of parame­
ters (1H3) are estimated by calculating the past land uplift 
and present land-uplift rate observed in central Sweden (gla­
ciation centre) and the past land uplift and past land tilt 
observed in southern Finland (glaciation margin). The 
uniqueness of the estimates and their sensitivity to uncer­
tainties in (4) subasthenosphere viscosity, (5) ice cross-sec­
tion and (6) deglaciation time are also assessed. The princi­
pal result of the investigation is that it suggests an upper 
bound of 80 km on the thickness of the Fennoscandian lith­
osphere. 
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Introduction 

The idea of interpreting the isostatic adjustment caused by 
the ablation of the Weichselian ice-sheet in Fennoscandia 
in terms of the earth's internal constitution and rheology 
dates back to the beginning of this century. The early inves­
tigators discussed the nature of the compensation mecha­
nism only qualitatively (e.g. Nansen, 1921; Daly, 1934). 
Later, van Bemmelen and Berlage (1935) and Haskell (1935) 
proposed quantitative interpretations, which have been ex­
tended by many others since then (cf. Cathles, 1975). 

The main purpose of these interpretations was to esti­
mate the viscosity of the earth's mantle. The effect caused 
by the flexural rigidity of the earth's lithosphere (elastic sur­
face layer) was usually neglected, although Niskanen's (1943, 
1949) theoretical analyses were suggestive of the potential 
importance of that structural feature to glacio-isostatic ad­
justment in Fennoscandia. 

The first attempt to determine lithosphere thickness for 
Fennoscandia appears to be that made by McConnell 
(1968). Using Sauramo's (1958) shoreline diagram, he esti-
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mated the relaxation-time spectrum of the Fennoscandian 
uplift. The short-wavelength part of the spectrum allowed 
him to infer the existence of a 120-km-thick lithosphere 
superjacent to an asthenosphere (low-viscosity layer). 

Cathles (1975, pp. 180-184) extended McConnell's 
(1968) interpretation and showed that there exists a trade-off 
between lithosphere thickness and asthenosphere viscosity 
so that an increase in lithosphere thickness requires an in­
crease in asthenosphere viscosity. This agrees with Parsons' 
(1972, pp. 172-201) analysis, which uses Backus-Gilbert in­
verse theory to show that an asthenosphere is only margin­
ally resolvable from the relaxation-time spectrum. 

A necessary condition for the validity of these inferences 
is the accuracy of McConnell's (1968) relaxation-time spec­
trum. Walcott (1980) discussed this in the light of inconsis­
tencies between several shoreline diagrams proposed for 
Fennoscandia and noted that the short-wavelength part of 
McConnell's spectrum is highly uncertain. 

Cathles (1975, pp. 184-191) also used a three-layer earth 
model and an elementary load model to calculate land uplift 
for the Fennoscandian glaciation centre and land-uplift 
rates for a radial profile from this centre. Based on a qualita­
tive analysis of the long-wavelength gravity field in Fenno­
scandia, he assumed the flexural rigidity of 5.0 x 1024 Nm, 
approximately corresponding to the thickness of 70 km, for 
the lithosphere in his calculations. Cathles (1975, pp. 151-
154) claimed that such a flexural rigidity is too small to 
modify the land uplift near the Fennoscandian glaciation 
centre significantly. Clearly, many assumptions enter into 
Cathles' argument and his conclusions are, therefore, not 
convincing. 

Considering the contingencies involved in these esti­
mates of lithosphere thickness for Fennoscandia, a more 
detailed investigation of the effect of a lithosphere on glacio­
isostatic adjustment appears desirable. Previous calcula­
tions showed that, near the Fennoscandian glaciation 
centre, the land uplift is distinctly sensitive to the presence 
of a lithosphere (Wolf, 1984, 1985a). However, a similarly 
distinct sensitivity to the presence of an asthenosphere was 
also indicated. This suggested the possibility of an ambigui­
ty when interpreting the land uplift observed in central Swe­
den reminiscent of the ambiguity noted by Cathles (1975) 
when interpreting McConnell's (1968) relaxation-time spec­
trum. Calculations of land uplift for Angermanland (central 
Sweden) confirmed that suspicion. Without an astheno­
sphere, a lithosphere thickness of about 200 km was com­
patible with the observations; with an asthenosphere of ap-
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propriate viscosity and the ice thickness suitably reduced, 
a lithosphere thickness of about 100 km was required (Wolf, 
1986a). The uplift observations in Angermanland were thus 
found to be insufficient for determining lithosphere thick­
ness, asthenosphere viscosity and ice thickness uniquely. 

The question of the thickness of the Fennoscandian 
lithosphere was, therefore, addressed in a different way, and 
a heuristic method of estimating that parameter was devel­
oped. It is based on a static earth model in which the litho­
sphere is assumed to be elastic and the sublithosphere to 
be inviscid. If land uplift and tilt near the load margin are 
known, the method allows the direct calculation of litho­
sphere thickness. The method was applied to observations 
of land uplift and land tilt in southern Finland and yielded 
an upper bound of 110±30km on the thickness of the Fen­
noscandian lithosphere (Wolf, 1986b). 

The present study endeavours to improve that thickness 
estimate by using the three-layer Maxwell half-space model 
of the earth and a disk-load approximation of the Fenno­
scandian deglaciation history, with (1) lithosphere thickness, 
(2) asthenosphere viscosity and (3) ice thickness being the 
free parameters. In contrast to Wolf (1986a), the effect of 
deglaciation-induced geoid perturbations has been taken 
into account and the load model has been improved. The 
latter is necessary to calculate the land adjustment both 
for the centre and the margin of the Fennoscandian ice­
sheet. The uniqueness of the set of numerical values inferred 
for the parameters (1H3) above and their sensitivity to un­
certainties in (4) subasthenosphere viscosity, (5) ice cross­
section and (6) deglaciation time are also assessed. This 
leads to an improved upper bound on the thickness of the 
Fennoscandian lithosphere. 

Theoretical model 

The present study uses the externally gravitating, layered, 
incompressible Maxwell half-space (Wolf, 1985a) as the 
earth model. The interpretation of glacio-isostatic uplift in 
terms of earth structure requires the calculation of the load­
induced (downward) displacement component, w. Let q(r) 
denote the axisymmetric pressure at the radial distance r 
caused by the impulsive loading event b(t) at the time t=O. 
Then, in the wave-number domain, 

w(k, Zz, t)= w<ve)(k, Zz, t) q(k), (1) 

where the circumflex denotes zeroth-order Hankel transfor­
mation of the associated variable with respect to r, k the 
(horizontal) wave number (Hankel-transform variable) and 
z1 the depth to the top of the I-th layer below the surface. 
The impulse transfer function for displacement, w<ve>, also 
depends on the parameters characterizing each layer l, viz. 
thickness hz, density Pi. rigidity µ1 and viscosity 171 (cf. Wolf, 
1985a). 

A more accurate interpretation of uplift also requires 
the calculation of the deglaciation-induced geopotential per­
turbation, b U. Since the Maxwell continuum is assumed 
to be incompressible, b U satisfies Laplace's equation. In 
the Hankel-transform domain, therefore, 

b U"(k, z, t)-ki b U(k, z, t)=O (2) 

subject to the boundary conditions 

b U(k, z1+0, t)-b U(k, z1-0, t)=O (3) 

Table 1. Parameters of earth model A.1 

h, P1 µ, '11 

(km) (kg m- 3) (Pa) (Pas) 

1 hi 3,380 0.67 x 1011 00 

2 100 3,380 0.67 x 1011 
'12 

3 00 3,380 1.45xl011 1.0x 1021 

and 

b U'(k, z1 +o, t)-b U'(k, z1-0, t)=4ny R1(k, t). (4) 

The prime denotes differentiation with respect to z; y is 
the gravitational constant. The Hankel-transformed inter­
face-mass density, K1, is given by 

{(p -p ) w<ve)(k z t)-b(t)/g 
K1(k,t)=-q(k) I 1-1 (ve) 'z, ' 

(p1-P1-d W (k,zi,t), 
l= 1 
l> 1' (5) 

with g the gravitational acceleration. By Eq. (1), 
- q(p1 - p1_1) w<vel is the part of R1 associated with the in­
terface deflection; qb(t)/g is the part associated with the 
load. Assuming also lim b 0 = 0, the solution at z = z 1 is 

lzl- oo 

(6) 

where 

2ny L 
G(ve)(k, Z1' t)=-k- L {(P1-P1-1) w<ve)(k, Zi, t) 

l= 1 

2ny b(t) 
xexp[-k(z1-zi)J}--k-g" (7) 

This is the impulse transfer function for potential. For the 
Hankel-transformed (downward) geoid perturbation, f., 
therefore, 

1 
e(k, z 1 • t) =- G(ve)(k, Z1' t) q(k). 

g 
(8) 

The higher-order geoid perturbations caused by the redistri­
bution of ocean water according to Eq. (8) (e.g. Farrell and 
Clark, 1976) will be neglected here. 

As in Wolf(l986a), the three-layer earth model Al (Ta­
ble 1) is considered, with h1 and '1i as free parameters. Alter­
natively, hi rather than '1i could have been selected as a 
free parameter. However, as long as hi is small compared 
with the lateral dimensions of the load, the response of 
the asthenosphere is approximately governed by the single 
parameter D=11i h~/3 (e.g. Nadai, 1963, pp. 260-262, 285-
287), i.e. the two situations are equivalent. The numerical 
values of p1 and µ1 are taken from a simple elastic earth 
model (Bullen, 1963, pp. 232-235); the value of 1.0 
x 10i1 Pas for 17 3 is the upper-mantle value of several 
viscous earth models (e.g. Cathles, 1975; Peltier and An­
drews, 1976; Wu and Peltier, 1983). The effect of increasing 
17 3 to 2.0 x 10i 1 Pas (earth model Al a) is also investigated. 
Such a viscosity value may be required for the lower mantle 
to explain the deglaciation-induced part of the free-air gravi­
ty anomalies observed in Fennoscandia and Laurentia (Wu 
and Peltier, 1983; Wolf, 1986a). 



Table 2. Parameters of load model WEICHSEL-1 (h~.JR.=const., 
p =910kgm - 3 ;0B.P.=A.0. 1950) 

n t l ,n t2 .n x. Yn R. 
(ka B.P.) (ka B.P.) (km) (km) (km) 

I 100.0 18.0 - 325 0 900 
2 18.0 17.0 - 375 0 850 
3 17.0 16.0 -425 0 800 
4 16.0 15.0 -475 0 750 
5 15.0 14.0 -525 0 700 
6 14.0 13.0 -575 0 650 
7 13.0 11.0 - 625 0 600 
8 11.0 9.8 -625 0 500 
9 9.8 9.6 - 625 0 400 

IO 9.6 9.4 - 625 0 300 
II 9.4 9.2 - 625 0 200 
12 9.2 9.0 - 625 0 100 

Fig. la, b. a Observed (after de Geer, 1954; cf. also Andersen, 
1981) and b schematic (load model WEICHSEL-1) deglaciation 
isochrons (in units of ka B.P.); the symbols A and H denote Anger­
manland and Helsinki, respectively 

The present study uses load model WEICHSEL-1 
(Fig. 1 b, Table 2). It is characterized by a sequence of box­
car loading functions, H(t-t 1,n)-H(t - t2 ,n), where H de­
notes the Heaviside function. In addition, load model 
WEICHSEL-1 a, for which the sequence of loading func­
tions is shifted in time by - 1 ka, is considered. (A positive 
shift would entail a conflict between deglaciation and emer­
gence chronologies). With 4n the Hankel-transformed load 
pressure associated with then-th box-car loading function, 
therefore, instead of Eqs. (1) and (8), 

(9) 

and 

(10) 

The n-th box-car transfer functions for displacement and 
potential, w,.<v•) and G~ve) , respectively, are obtained by con­
volution (Appendix A). 

Since q. is assumed to be axisymmetric and the load 
density p to be constant, the load cross-section is also ax­
isymmetric. Here, disk loads of radius R. and centered at 
the source point (x. , y.) (Fig. 1 b, Table 2) are considered. 
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Fig. 2. Load thickness h as a function of radial distance r for an 
axisymmetric load of parabolic (dashed) or elliptic (dotted) cross­
section; the straight lines represent equal-area rectangular cross­
sections 
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Fig. 3. Vertical surface displacement w with respect to the geoid 
(solid) or with respect to the horizontal plane (dotted) as a function 
of radial distance r from the load axis for several times (in units 
of ka) after a Heaviside unloading event; the calculations apply 
to earth model A. I with h 1 = I 00 km and rr 2 = 1.0 x 1021 Pa s, and 
to an axisymmetric load of rectangular cross-section with h = 2 km, 
R=600 km and p= 1,000 kg m - 3 

The whole sequence is intended to approximate the Fennos­
candian deglaciation history (Fig. 1 a). The axial load thick­
ness for the first loading function, h0 , 1 , is taken as a free 
parameter; however, the ratio h6,./R. is assumed to be inde­
pendent of n. This partial restriction is in accordance with 
the theory of perfectly plastic ice-sheets at equilibrium (Or­
owan, 1949; cf. also Paterson, 1981, p. 154). In the present 
study, parabolic and, in addition, elliptic load cross-sections 
are considered. Compared with the parabolic cross-section, 
the elliptic cross-section is characterized by steeper slopes 
near the load margin (Fig. 2). Not considered is the theoreti­
cal profile of a perfectly plastic ice-sheet at equilibrium (Nye, 
1952; cf. also Paterson, 1981, pp. 153- 164), which is some­
what intermediate between the parabolic and elliptic pro­
files. Substitution of the appropriate Hankel transforms for 
4. in Eqs. (9) and (10), inverse Hankel transformation and 
superposition of the solutions for the individual box-car 
loading functions yields the final solutions w(x, y, z1, t) and 
e(x, y, z 1 , t) for the observation point (x, y) (Appendix B). 

To study the importance of geoid perturbations to the 
interpretation of the glacio-isostatic adjustment of Fenno­
scandia, it is sufficient to consider a simpler load model, 
viz. the Heaviside unloading event 1- H(t) produced by 
an axisymmetric load of rectangular cross-section, and to 
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compare w with w - e on a radial profile from the load 
axis for different times after unloading. Figure 3 shows that, 
before unloading, the geoid is almost unperturbed, i.e. the 
mass excess associated with q is largely compensated by 
the mass deficit associated with w. The small degree of up­
warping of the geoid is caused by the flexural rigidity of 
the lithosphere, which prevents perfect local compensation. 
After unloading, the surface depression entails a geoid de­
pression which decays with the surface depression. Al­
though e is always less than 10% of w, its magnitude may 
be significant at times shortly after unloading. Wu and Pel­
tier (1983) and Wolf (1986c) discussed other numerical ex­
amples of the effect of deglaciation-induced geoid perturba­
tions. 

The interpretation of glacio-isostatic adjustment re­
quires the calculation of the land uplift with respect to the 
geoid for the time interval [t, OJ, viz. 

H(x, y, t)= Hw(x, y, t)-H,(x, y, t), (11) 

where the land uplift with respect to the horizontal surface, 
Hw, and the geoid uplift, H,, are defined by 

Hw(x, y, t)= w(x, y, z 1 , t)-w(x, y, z 1 , 0) (12) 

and 

H,(x, y, t)=e(x, y, z 1 , t)-e(x, y, z 1 , 0). (13) 

Let Hs denote the land emergence (land uplift with respect 
to the sea level) and He the eustatic sea-level rise (e.g. Wal­
cott, 1972) during [t, O]. Then the observed land uplift with 
respect to the geoid is given by 

H(x, y, t) = Hs(x, y, t)-He(x, y, t), (14) 

which may be compared with the calculated land uplift with 
respect to the geoid, Eq. (11). 

Interpretation 

The interpretation uses the past land emergence, Hs(t), ob­
served in Angermanland and near Helsinki (Table 3). The 
Angermanland observations apply to x= -425 km, 
y= -150 km (Fig. 1) and are taken from Niskanen (1939), 
but are originally due to Liden (1938). The Helsinki observa­
tions apply to x = 0 km, y = 0 km (Fig. 1) and are estimated 
from emergence diagrams compiled by Donner (1980) and 
Eronen (1983). To obtain the observed value of H(t), He(t) 
must be known. Andrews (1970, pp. 22-24) suggested a qua­
dratic function that closely approximates the mean of sever­
al eustatic corrections proposed. Here a simpler approxima­
tion is used, viz. 

{o, 
He(t)= lO(t-6), 

t~6 

t>6' 
(15) 

where He and t must be in units of m and ka B.P., respec­
tively (cf. also Table 3). 

The ages of the emerged beaches in Angermanland were 
inferred using wave chronology. The relative ages are, there­
fore, very accurate, but the absolute ages may be less so. 
Also, older beaches were mapped about 100 km inland of 
the location of the younger beaches (cf. Niskanen, 1939), 
which leads to uncertainties in Hs. Donner's (1980) and 

Table 3. Observed land emergence H. and observed land uplift 
Hat x= -425 km, y= -150 km (Angermanland) and at x=O km, 
y=O km (Helsinki); 0 B.P.=A.D. 1950 

Angermanland Helsinki 
(Liden, 1938) (Donner, 1980; Eronen, 1983) 

t H. H t H. H 
(ka B.P.) (m) (m) (ka B.P.) (m) (m) 

8.893 232 261 10.0 70 110 
8.755 220 248 9.0 46 76 
8.550 193 219 8.0 35 55 
7.655 138.9 156 7.0 34 44 
6.452 104.1 109 6.0 32 32 
5.879 90.4 90 5.0 27 27 
5.424 80.2 80 4.0 22 22 
5.246 76.2 76 3.0 17 17 
4.065 54.1 54 2.0 11 11 
3.805 51.1 51 1.0 5 5 
3.629 48.2 48 0.0 0 0 
3.119 40.7 41 
2.076 26.3 26 
1.490 18.0 18 
1.028 12.2 12 
0.011 0.0 0 

Eronen's (1983) emergence diagrams for Helsinki compile 
observations obtained by different methods, which makes 
estimates of the uncertainties difficult. The present study 
assumes t to be accurate but assigns uncertainties of± 15 m 
and ± 10 m to H for Angermanland and Helsinki, respec­
tively. These values also take into account the uncertainty 
in He. 

The observed past land tilt, H' = d H / d x, is estimated 
from shoreline diagrams (Donner, 1980; Eronen, 1983) and 
applies to x= -50 km, y=O km (Fig. 1). Since the construc­
tion of shoreline diagrams for Fennoscandia is, to some 
extent, interpretative (cf. Hyvarinen and Eronen, 1979), the 
liberal estimate of ± 0.05 x 10- 3 is used for the uncertainty 
in H'. 

The observed present land-uplift rates, H=dH/dt, apply 
to the profile connecting Helsinki and the glaciation centre 
(Fig. 1). The numerical values are interpolated from a 
smoothed contour map by Balling (1980). The original ob­
servations were obtained by precise re-levellings tied to mar­
eograph recordings (Kaariainen, 1966). The assumed uncer­
tainty of ± 1 mm a - i is sufficiently large to account for 
potentially continuing eustatic sea-level chan~es. 

Figure 4 shows the observations of H in Angermanland 
and near Helsinki, the observations of fl on the profile 
connecting Helsinki with the glaciation centre and the ob­
servations of H' near Helsinki. The calculations apply to 
earth model A.1 and WEICHSEL-1 with parabolic load 
cross-section. The curve-fitting process has been facilitated 
by the following: (1) The parameter h1 mainly determines 
the ratio between the calculated values of H(t=8.893 ka 
B.P.) for Angermanland and of H(t= 10 ka B.P.) for Helsinki, 
whereas h0 1 determines the magnitude of these values. (2) 
The parameter 172 controls the calculated value of H(x= 
-600 km). (3) The observations of H' near Helsinki provide 
little additional information, although the fact that the ob­
served values of both H and H' can be closely fitted at 
the glaciation margin indicates that the parabolic cross-
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Fig. 4a-d. a Observed (Liden, 1938) and 
calculated land uplift H for 
Angermanland since time t. b Observed 
(Balling, 1980) and calculated land-uplift 
rate d H/d t as a function of distance x. c 
Observed (Donner, 1980; Eronen, 1983) 
and calculated land uplift H for Helsinki 
since time t. d Observed (Donner, 1980; 
Eronen, 1983) and calculated land tilt 
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section used cannot be grossly wrong (Wolf, 1986b). The 
numerical values of the free model parameters inferred in 
this manner are h1 ~SO km, ri 2 ~1.2 x 1019 Pas (dot-dashed 
line) and h0• 1 ~2.1 km. 

The discussion of Fig. 4 suggests that the observations 
used are sufficiently independent to regard the numerical 
values inferred for h 1 , ri 2 and h0 , 1 as being mainly imposed 
by the observations rather than merely reflecting certain 
characteristics of the theoretical model. To confirm this ex­
pectation and, in particular, to answer the related question 
of the uniqueness of the numerical value inferred for h1 , 

a more careful analysis is warranted. 
To identify potential trade-offs with ease, the full set 

of observations shown in Fig. 4 must be reduced. Some 
consideration suggests that H(t = 8.893 ka B.P.) = 261 ± lS m 
(Angermanland), H(t= 10 ka B.P.)= 110± 10 m (Helsinki), 
H(x= - 600km)=7.5 ± 1.0mm a - 1 and H'(t=llkaB.P.) 
= 0. 70 ± O.OS x 10- 3 constitute a representative subset. Fig­
ures S- 7 use this subset to study the possibility of trade-offs 
between h 1 , ri2 and h0 • 1 and to investigate the sensitivity 
of the numerical values inferred for these parameters to 
uncertainties in several of the fixed model parameters. 

The dashed lines of Fig. S apply to earth model A.1 
and WEICHSEL-1 with parabolic load cross-section. For 
each numerical value of h1 distinguished by a solid square, 
h0 • 1 and ri2 have been adjusted to achieve a perfect fit to 
the observed values of H in Angermanland (Fig. Sc) and 
of iI (Fig. Sd). Figure Sa and b shows that this requires 
h0 , 1 and ri 2 to increase with increasing h1 • The increase 
!n h0 , 1 balances most of the effect of increasing h1 ; the 
adjustment of ri 2 is required to fit the calculated to the 
observed values of il. Figure S a- d confirms the previous 
conclusion that h1 is not uniquely determined by observa­
tions of Hand iI near the Fennoscandian glaciation centre 
alone (Wolf, 1986a). Figure Se shows that resolution in­
creases sharply if the observation of H near Helsinki is in­
cluded as an additional constraint. Clearly, earth models 
with h 1 ~ 70 km are now rejected. Figure 5 f suggests that 
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Fig. Sa-f. a Axial load thickness h0• 1 and b asthenosphere viscosity 
71 2 as functions of lithosphere thickness h 1 ; the parameters h0 • 1 

and 71 2 have been adjusted in order that the calculated values (solid 
squares connected by straight lines) of c land uplift H and d land­
uplift rate dH/dt for central Sweden fit the observed values (hatched 
bands). The calculated and observed values of land uplift H and 
land tilt dH/dx for southern Finland are shown in e and f. The 
calculations apply to earth model A.I and to WEICHSEL-1 with 
parabolic (dashed) or elliptic (dotted) load cross-section 
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Fig. 6a-f. As for Fig. 5 except that dotted lines apply to earth 
model A.I and to WEICHSEL-la with parabolic load cross-section 

the parabolic cross-section used is compatible with the ob­
servations; apart from that, H' is not very diagnostic. 

The dotted lines in Fig. 5 apply to earth model A.l and 
WEICHSEL-1 with elliptic load cross-section. The average 
thickness of this cross-section is larger than that of the para­
bolic cross-section by about 18% (Fig. 3). Figure 5a- d 
shows that a reduction in h0 •1 for the elliptic cross-section 
by a comparable amount permits a perfect fit of the calculat­
ed to the observed values of H for Angermanland. The 
remaining misfit between the calculated and observed values 
of fl is insignificant. The land adjustment near the Fenno­
scandian glaciation centre is, therefore, sensitive mainly to 
mean load thickness, i.e. it does not permit the resolution 
of the load profile. Figure 5 e shows that the calculated 
values of H for Helsinki are larger for the elliptic than for 
the parabolic cross-section. Since the marginal load thick­
nesses are also larger for the elliptic than for the parabolic 
cross-section, it follows that, near the Fennoscandian glacia­
tion margin, H is sensitive mainly to local rather than mean 
load thickness. The reduction in the calculated value of H ' 
for the elliptic cross-section (Fig. 5 I) is similarly related to 
the more uniform distribution of load thickness for this 
cross-section. The failure of WEICHSEL-1 with elliptic load 
cross-section to fit the calculated to the observed values 
of H and H' near the glaciation margin even for small values 
of h1 indicates that this cross-section is not completely ade­
quate. For small values of h 1, the discrepancy is, however, 
not severe and the point should not be over-emphasized. 

The dashed lines of Fig. 6 again apply to earth model 
A.l and WEICHSEL-1 with parabolic load cross-section. 
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Fig. 7a- f. As for Fig. 5 except that dotted lines apply to earth 
model A.la and to WEICHSEL-1 with parabolic load cross-section 

The dotted lines, however, are for WEICHSEL-la. The 
comparison of the two sets of calculations, therefore, shows 
the sensitivity of the numerical values inferred for h1 , 172 
and h0 , 1 to a shift of the sequence of loading functions 
by - 1 ka. This extends the time elapsed since unloading 
by 1 ka. Near the glaciation centre, the resulting reduction 
in the calculated values of H and fl can be simply balanced 
by an increase in h0 • 1 (Fig. 6a- d). As before, a perfect fit 
of the calculated to the observed values of H has been forced 
for Angermanland. The remaining misfit between the calcu­
lated and observed values of fl is small compared with 
the uncertainty assumed for the observation. Figure 6e 
shows that WEICHSEL-la slightly reduces the calculated 
values of H for Helsinki. This entails that the maximum 
value of h1 compatible with the observation increases to 
about 80 km. The discrepancies between the calculated and 
observed values of H' for such values of h 1 are, however, 
larger by a factor of about 2 than the uncertainty assumed 
for the observation (Fig. 61). 

Figure 7 investigates the modifications of the results for 
earth model A.1 and WEICHSEL-1 with parabolic load 
cross-section (dashed lines) introduced by using earth model 
A.la (dotted lines) instead. Thus, the sensitivity of the nu­
merical values inferred for h1 , 172 and h0 , 1 to an increase 
in 173 to 2.0 x 1021 Pas is studied. Figure 7 a-d shows that, 
for the glaciation centre, there exists a trade-off between 
17 2 and 17 3 so that the increase in 17 3 can be largely compen­
sated by a suitable decrease in 17 2 . Since fl was found to 
be highly diagnostic of the viscosity structure (Fig. 4b), a 
perfect fit has been forced for fl. The remaining misfit be-
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tween the calculated and observed values of H for Anger­
manland is tolerable considering the uncertainty of the ob­
servation. Figure 7 e and f shows that this trade-off between 
ri 2 and ri 3 also leaves the calculated values for the glaciation 
margin essentially unchanged. The maximum value of hi 
compatible with the observed value of H near Helsinki is 
about 75 km. 

Discussion and conclusion 

The interpretation of the glacio-isostatic adjustment of Fen­
noscandia and the analysis of the uniqueness of the set of 
numerical values inferred for the free model parameters can 
be summarized as follows: 

(1) The observations of H and iI in central Sweden and 
of H and H' in southern Finland can be explained by the 
basic model, i.e. earth model A.1 and WEICHSEL-1 with 
parabolic load cross-section, if hi~ 50 km, ri 2 ~1.2 
x 10i 9 Pas and h0 ,i ~2.1 km. 

(2) The simultaneous calculation of H (t = 8.893 ka B.P.) 
for Angermanland and of H(t= 10 ka B.P.) for Helsinki for 
different values of hi shows that hi;;;;:: 70 km is rejected by 
the observations. For hi ~ 70 km, the sensitivity to hi is 
weak. Therefore, only an upper bound can be inferred from 
the observations. 

(3) The modification of the basic model by an elliptic 
load cross-section leads to values of H and H' for southern 
Finland outside the uncertainties of the observations for 
any numerical value of hi. 

(4) The modification of the basic model by a shift of 
the sequence of loading functions by -1 ka (WEICHSEL-
1 a) increases the maximum value of hi compatible with 
the observations to about 80 km. Also, an increase in ho. i 
to about 2.8 km is required whereas ri 2 remains unchanged. 
However, the values of H' tend to be too large. 

(5) The modification of the basic model by a two-fold 
increase in ri 3 (earth model A.1 a) entails a decrease in ri 2 

to about 5.3 x 10is Pas but only insignificant changes in 
hi and ho,i· 

The upper bound of about 80 km found for hi is very 
similar to Cathles' (1975) estimate of this parameter. How­
ever, as discussed previously (Wolf, 1986a) and also shown 
here, the limited set of observations used by Cathles did 
not allow him to resolve the numerical value of hi. The 
coincidence is, therefore, largely fortuitous. 

The estimate of hi for the Fennoscandian lithosphere 
may be contrasted with estimates of this parameter for the 
Laurentian lithosphere from observations of land adjust­
ment after the ablation of the Wisconsin Laurentide ice­
sheet. Walcott (1970) and Wolf (1985b) used observations 
of land tilt near the Laurentide glaciation margin and in­
ferred numerical values of hi which are very similar to the 
upper bound of 80 km obtained for Fennoscandia. Peltier 
(1984) used observations ofland emergence along the North 
American east coast and estimated hi~ 200 km for the 
Laurentian lithosphere. 

Recently, Sabadini et al. (1986) studied the effects of up­
per-mantle lateral heterogeneities likely to be associated 
with a passive continental margin on the land uplift follow­
ing the disappearance of a Laurentide-sized load. They 
showed that interpretations of the observed land uplift for 
points close to both the continental margin and the glacia­
tion margin results in underestimates of hi for the continen-
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ta! lithosphere if the lateral heterogeneity is neglected. Dis­
cussing Peltier's (1984) study in this context, Sabadini et al. 
concluded that hi ;<:250 km would be required for the Laur­
entian lithosphere if the Atlantic continental margin were 
accounted for. This is much higher than any other estimate 
of hi inferred for Laurentia or Fennoscandia, and ways 
of reconciling the divergent estimates are needed. 

For Fennoscandia, the problem of lateral upper-mantle 
heterogeneity is less severe. The observation points in cen­
tral Sweden and, in particular, southern Finland are well 
removed from the continental margin, and a laterally homo­
geneous model appears to be an adequate approximation. 

Finally, the question as to what extent the upper bound 
on hi reflects the approximations of the load model used 
must be briefly addressed. Clearly, WEICHSEL-1 does not 
accurately model the Fennoscandian deglaciation history 
(Fig. 1), nor does it allow for the necessarily gradual ice 
accumulation before deglaciation. However, since the accu­
racy ofWEICHSEL-1 is highest at locations and times close 
to those of the observations, and since the calculated re­
sponse at a particular location and time is predominantly 
caused by the spatially and temporally adjacent parts of 
the load, WEICHSEL-1 is not expected to result in signifi­
cant bias. 

Quinlan and Beaumont (1982) have recently proposed 
a method of improving the model of the Laurentide ice­
sheet. Using ICE-1 (Peltier and Andrews, 1976) as the start­
ing model in a detailed interpretation of the post-glacial 
emergence of the Canadian east coast, they determined to 
which features of the load the calculated response at the 
locations and times of the observations is most sensitive. 
This led to the construction of a modified version of ICE-1, 
which has enhanced accuracy in these crucial features and 
gives a better fit to the emergence observations. 

In future interpretations of the Fennoscandian uplift, 
more observations should be considered. Then, however, 
WEICHSEL-1 may become inadequate and require modifi­
cation. Clearly, the method of Quinlan and Beaumont 
(1982) offers itself for refining WEICHSEL-1. The so im­
proved load model may later be used to arrive also at im­
proved estimates of the parameters of the earth model. 

Appendix A 

Convolution of impulse transfer function 

For the layered Maxwell half-space and an arbitrary field 
quantity, the impulse transfer function, r<vei, is given by 
(Wolf, 1985a) 

r<ve)(k, Zi. t)= T(e)(k, z1) Ci(t) 
M 

+ L T~">(k, Z1) sm(k)exp [ -sm(k) t], (16) 
m=l 

where T(e> is the elastic transfer function and T~"> is the 
m-th viscous transfer function (eigenfunction) belonging to 
the m-th inverse relaxation time (eigenvalue) sm. The func­
tional forms of T(e>, T~"> and sm, and the number of modes, 
M, depend on the type of layering considered. Since the 
Maxwell rheology is linear, the response to the box-car 
loading function H(t-ti .• )-H(t-t2 •• ) is obtained by con­
volution, viz. 
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t-tl.n 

r,,<ve)(k,z,,t)=H(t-t 1 ,n) J y<ve)(k,z1,t')dt' 
-0 

t-t2.n 

-H(t-t1,n) J y<ve)(k,z1,t')dt' 
-0 

or, upon substitution for y<ve) from Eq. (16), 

T,,(ve)(k, Z1, t) 

=[H(t-t1 •• )-H(t-t1,n)][T(e)(k,z1)+ m~l T~">(k,z1)] 
M 

(17) 

L {H(t-t1 •• ) exp[sm(k)t1 •• ]-H(t-t1 .• ) exp[sm(k) t2 •• J} 
m=l 

(18) 

Here, the transfer functions Tare to be interpreted either 
as those for displacement, W, or those for potential, G. 

Appendix B 

Inverse Hankel transformation of wave-number solutions 

For the n-th box-car loading function, the pressure q. ex­
erted at the observation point (x, y) by an axisymmetric 
load of parabolic cross-section with axial thickness h0 •• , 

radius R., density p and centered at the source point (x., 
y.) is given by 

O~L1r.~R. 

R.<L1 r.< oo' 
(19) 

where (,1 r.)2 =(x-x.)2 +(y-y.)2. If the cross-section is el­
liptic, this becomes 

O~L1r.~R. 

R. < L1 r" < 00 · 
(20) 

Alternatively, q. may be expressed as the zeroth-order Han­
kel transform, viz. 

00 

q.(M.)= J 4.(k) kJ0 (kL1 r.) dk, (21) 
0 

where 

(22) 

for the parabolic cross-section (e.g. Sneddon, 1951, p. 528) 
and 

(23) 

for the elliptic cross-section (e.g. Terazawa, 1916; Farrell, 
1972). The symbols J0 and J 1 denote the zeroth- and first­
order Bessel functions of the first kind. The first-order spher­
ical Bessel function of the first kind, j 1 , can be represented 
by (e.g. Abramowitz and Stegun, 1965, pp. 437-438) 

( 
n )1/2 sin x cos x 

jl(x)= 2x 1311=----xr---x-' (24) 

where x is an arbitrary argument. With w,,<ve) or G~ve) given 
by Eq. (18) and 4. by Eq. (22) or (23), the inverse Hankel 
transforms 

00 

w(M., z1, t) = J w,,<ve)(k, z1, t) 4.(k) kJ0 (kL1 r.) dk (25) 
0 

and 

(26) 

can be evaluated. If there are N box-car loading functions, 
superposition gives the total displacement w(x, y, z1, t) and 
the total geoid perturbation e(x, y, z 1 , t). 
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