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Abstract. Methods for the calculation of synthetic seismo­
grams along vertical profiles through horizontally layered me­
dia are presented; the aim is to simulate numerically the 
technique of vertical seismic profiling (VSP), which is some­
times used for improved resolution of deep primary re­
flections. We present the theory for vertically travelling plane 
waves and for spherical waves, generated by a single force or 
an explosive point source. The solution is restricted to the 
acoustic case. The theoretical seismograms are complete, i.e .. 
they contain all surface and internal multiples. Anelastic ef­
fects are taken into account with the method of complex 
velocities. In order to save computing time, seismogram seg­
ments are calculated. using the method of complex frequen­
cies. 

These methods are applied to a layered model of the coal­
bearing carboniferous in the Ruhr district of W. Germany. 
Different assumptions on overburden structure. recording ge­
ometry and anelasticity are made. and the VSP seismograms 
are compared with seismograms calculated for horizontal 
profiles at the surface. It is suggested that VSP field surveys 
be preceeded by similar numerical studies for an estimate of 
the information that can be obtained by this expensive tech­
nique. 

Key words: Synthetic seismograms - Vertical seismic profil­
ing - Coal prospecting 

Introduction 

Overburden layers like those in the Ruhr district of the 
Federal Republic of Germany. have a great influence on 
seismic prospecting of coal-seam sequences. In the usual line or 
areal seismic surveys. made at the surface. multiples within 
the overburden and conversion phases may mask primary 
reflections from the coal bearing carboniferous. strong fre­
quency dependent absorption changes the excitation signal 
and the frequency content of reflected waves. passing through 
the top layers and scattering at inhomogeneities close to the 
surface results in a reduced signal-to-noise ratio. 

These problems. of course. are not restricted to seismic 
prospecting for coal. A possible reduction of the disturbing 
mfluence of the overburden can be obtained by applying 
vertical seismic profiling (VSP). where receivers are arranged 
vertically in boreholes. Wuensche! (1976) and Kennett et al. 
( 1980) describe several advantages of this recording geometry. 
including improvement of signal-to-noise ratio. higher band-

width. especially better recording of high frequencies. better 
identification of primary and multiple reflections due to sepa­
ration of up- and downgoing waves. determination of decon­
volution operators from the direct downward travelling wave. 
better knowledge of the absorption properties of the overbur­
den. 

Because VSP is an especially expensive technique. it is 
desirable to perform numerical simulations of this method 
prior to the measurements. using all information on the re­
flecting structure that is already available. Numerical simula­
tion means the calculation of synthetic seismograms for re­
ceivers on profiles extending vertically through a layered mod­
el of the ground from the surface to arbitrary depth. The 
synthetic seismograms should be realistic. i.e.. they should 
include all internal and surface multiples. complicated layer­
ing should be tractable. and the field geometry and absorp­
tion of seismic energy in the layers should be taken into 
account. Under these circumstances the numerical simulation 
of VSP may make a valuable contribution to the design of 
field experiments. The purpose of this paper is to present the 
theoretical background for the calculation of synthetic VSP 
seismograms and to illustrate their potential by examples for 
a model which is typical of the layering in the Ruhr district. 

The theoretical approach presented here is restricted to 
the acoustic case. We present the theory for vertically propa­
gating plane waves and for spherical waves in some detail, 
since we believe that these methods deserve wider distribution 
among interpreters and researchers in reflection seismics, at 
least the methods for the acoustic case, where really com­
plicated layering with arbitrary elastic and anelastic properties 
can be treated at reasonable computational cost. Of course, 
the limitation to the acoustic case yields only an approxi­
mation of the true elastic wavefield, especially at larger hori­
zontal distances between source and receivers, and Kennett 
(1979) has emphasized this point. However, Kennett's seismo­
gram calculations for both the acoustic and the elastic case 
(which includes P-SV interaction) illustrate, in our opinion. 
that from a practical point of view, the acoustic approxima­
tion is often sufficient. The theory, which is presented here 
with mainly the modelling of vertical seismic profiles in mind. 
can also be applied to horizontal profiles; the differences 
between the corresponding computer programs are small. 

In the following we start with the theory for vertical 
plane-wave propagation in a layered half space. Very recently, 
papers on this special subject have appeared (Wyatt 1981; 
Ganley 1981). and our method is. in fact, similar to that used 
by Ganley; we therefore present only a compact outline. We 
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then show how calculated plane-wave seismograms can sub­
sequently be corrected for spherical divergence in order to get 
an approximation of point-source excitation. Exact theoreti­
cal seismograms for explosive point sources as well as for 
vertical single forces at the surface can be obtained from the 
theory developed in the appendix. A few remarks are added 
on the implementation of absorption effects by using complex 
velocities and on the calculation of seismogram segments 
with the method of complex frequencies. a method by which 
aliasing in the time domain may be suppressed. Synthetic 
VSP seismogram sections are then presented for a model of 
the carboniferous, typical of the Ruhr district. overlain by 
two different tertiary overburden structures. Different assump­
tions on the recording geometry and Q structure of the mod­
els are made. We finally compare the synthetic VSP sections 
with horizontal profile sections which simulate the usual line­
survey technique at the surface. 

Theory 

Synthetic Seismograms for Plane-Wave Excitation 

We assume a model of n - l layers on top of a half space. 
which is layer n (Fig. 1). Each layer is described by its param­
eters di= thickness, ai = P-wave velocity, Pi= density, and Qi 
=quality factor. At the free surface z1 =0 a seismic source. 
exciting vertically travelling plane waves, is located. We de­
scribe the incident wave by its potential </> 0 (z, t) 

For many purposes it is easier to work in the frequency 
domain. The Fourier transform of </> 0 is given by 

. z 
¢ 0 (z. w)=F(w)e-Jw~. 

where F(w) is the Fourier transform of the excitation function 
F(t). For the potential cJ)i(z. t) in layer I we assume similarly 

- - -jw~ +jw~ 
</>;(z,w)=F(w){Aie ., +Bie a, } (1) 

with so far unknown coefficients Ai and Bi. Downward travel­
ling waves are represented by the first term of (1), upward 
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Fig. I. The general model for computing synthetic seismograms. Cir­
cles indicate receiver positions. The parameters of layer i are: ai-P 
velocity, Pi density, Qi quality factor, di layer thickness. zi (i = 1, 2, ... , n) 
is the depth of interface i 

travelling waves by the second. The amplitude coefficients Ai 
and Bi are calculated from the boundary conditions at the 
interfaces (continuity of vertical displacement 8rf>/8z and nor­
mal stress p 82 <f>/8 t 2): 

¢'1 =0 (free surface at z=zi). (2) 

az az 
PiclJi=Pi-1 clJi-1 

(at z=zi (i=2.3. .... n)) (3) 

¢'1 =¢1 -¢0 in Eq. (2) represents the potential of all upgoing 
and downgoing waves in layer 1 except for the incident wave 
¢ 0• If we assume an incident wave of unit amplitude, Eq. (2) 
results in 

Equations (3) give for Ai. Bi in layer i > 1 the matrix relation 

(Ai) =mi (Ai- I) 
Bi Bi-1 

(4) 

with the 2 x 2 layer matrix 

·( (pjai_1+Pi-1/a;)e-2jwd,-1/•,-1 (-pjai_1+Pi-1/a;)). 

( - pjai- 1+Pi-1/a;) e- 2jwd,- i/•,-1 (pjai- I+ Pi- ,/a;) 
(5) 

Successive applications of Eq. (4) and additional use of the 
relation Bn=O. which means that there are no upgoing waves 
in the halfspace (index n), yields 

with the layer matrix product 

Solution of Eq. (6) yields 

and 

R 

l+R 

1 
A 1 =l-B1=--. 

l+R 

(6) 

(7) 

where we have introduced the reflectivity R = - M 21 /M 22 of 
the layer stack below z=z2 . As shown in the appendix, the 
reflectivity R can also be calculated by a recursive procedure; 
this calculation is faster than the calculation via the matrix 
M. 

The amplitude coefficients for i = 2. 3. . . . . n are deter­
mined by the matrix relation 

(8) 

where the layer matrix product Mi only has to be taken down 
to layer i: 
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From Eqs. (7) and (8) we obtain: 

M;i1 +RM;12 
A.=------

' l+R 

M;21 +RM;22 
l+R 

(9) 

Finally, in order to obtain the displacement spectrum, we 
have to take the derivative of the potential (/); in Eq. (1) with 
respect to z. After inverse Fourier transform we find the 
displacement in layer i. 

1 ()(I 
u;(z.t)=- -

2n ()(; 

(10) 

- - jw 
where G(w)= -F(w)- is the spectrum of the displacement 

()(I 

of the incident wave at z 1 = 0. 
Equation (10) allows fast wavefield calculations for arbi­

trary receiver depth in the layered medium. The seismograms 
are complete, i.e., all internal and surface multiples are in­
cluded. 

Synthetic Seismograms for Point-Source Excitation 

In realistic field experiments point sources which generate 
spherical waves are used. Thus amplitudes of reflected waves 
are not only affected by reflection coefficients and absorption, 
but also by spherical divergence. In the appendix the theory 
of point source excitation dealing with the explosive and 
vertical single force case is presented. In principle the Som­
merfeld integral is used to decompose the direct spherical 
wave into plane waves, and the corresponding plane wave 
responses of the medium are superposed to give the spherical­
wave response. Because typically several hundred plane-wave 
cases have to be solved, the computing time is much longer 
than that needed for the evaluation of Eq. (10). 

In the following we present an approximation of the spher­
ical-wave case, which can easily be applied to seismograms 
calculated from the plane-wave theory. Thus we can simulate 
VSP in the special case where receivers are buried vertically 
beneath the point source. The method has been described by 
Millier (1971) for receivers at the surface; the plane-wave 
seismogram at the arrival times of primary reflections is mul­
tiplied by the divergence factors of these reflections and by 
interpolated values in between. Suppose now. a receiver is 
buried at depth z in layer i. Thus. the primary reflection from 
interface k (k = i + 1. i + 2, .... n) has the travel-time 

The divergence factor by which the plane-wave seismogram is 
multiplied at this time is 

In the case of receivers at depth, the direct wave has to be 
corrected accordingly: 

i-1 d "\\"' . z-z. 
ti= L, --1.+--'. 

j~ I ()(j ()(i 

()(I G i =-;_-1 _____ _ 

I dj()(j+(z-z;)()(; 
j~ I 
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Between the times t 1 , ti+!• t;+z• ...• tn we apply a linear 
interpolation, and for t > t" the seismogram is damped accord­
ing to G = G n · tn/t. The direct wave and primary reflections 
are corrected exactly by this procedure; it turns out that 
multiple reflections are suppressed too much. However, the 
comparison with seismograms calculated by the exact spheri­
cal theory shows that this simple method often is an accept­
able approximation. 

Causal Absorption 

When synthetic seismograms are used to simulate wave prop­
agation in realistic media. the computational methods should 
take account of absorption. particularly at the high frequen­
cies used in coal-seam prospecting where absorption strongly 
influences the waves. Anelasticity can be incorporated into 
the methods described in this paper by making the wave 
velocities complex. Like O'Neill and Hill (1979) we use the 
following complex velocity law: 

( 1 w j ) ()((W)=()(r 1+-ln-+- . 
nQ w, 2Q 

(11) 

Here Q is the quality factor. assumed to be frequency inde­
pendent, w, is a reference frequency and ()(, is the (real) 
velocity at the reference frequency, assumed to be known. In 
calculations for seismic prospecting one would choose fr 
=w)2n roughly around lOOHz. The velocity law (11) corre­
sponds to causal absorption and hence implies a slight ve­
locity dispersion. 

Aliasing in the Time Domain 

In numerical calculations of theoretical seismograms the seis­
mogram length strongly influences the computimg time. since 
usually the spectra are calculated for equidistant frequencies 
and the frequency interval is the reciprocal value of this 
length. For complicated models. especially those having a free 
surface, the duration of the complete seismogram can be very 
long, and the number of frequencies in a specified frequency 
window is proportional to duration. If we choose a time 
window shorter than the response of the medium in order to 
save computing time, those parts of the response beyond the 
end of the seismogram will not be suppressed, but appear in 
the early parts of the seismogram and interfere with early 
arrivals. This situation is completely analogous to aliasing in 
the frequency domain and therefore is called aliasing in the 
time domain. 

An effective method to avoid or reduce aliasing in the 
time domain has been in use in seismology for quite some 
time (Rosenbaum 1974; Bouchon 1979). The basic idea is to 
calculate first the damped seismogram u,(t) = u(t) e-'i' instead 
of u(t) by evaluating the Fourier transform u(w) of u(t) at 
complex frequencies w-j/r and using the damping theorem 
of Fourier transforms: u,(w)=u(w-j/r). Evidently. u,(t) is less 
disturbed by aliasing than u(t). Multiplication of u,(t) by e+'i' 
in a second step gives the desired seismogram u(t). Experi­
ments with this method. with r equal 20-40 % of the desired 
length of u(t). show good results. 
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Synthetic Seismograms 

In the following we present synthetic seismograms. calculated 
for the complicated layering shown in Figure 2. A continuous 
borehole profile from the Ruhr district in W. Germany was 
approximated by a discretized velocity-depth function. where 
the coal-seam sequence extends in the depth range 600-
1100 m. showmg strong velocity inversions with a maximum 
reflection coefficient of OA at depth 900 m. The density of 
each layer was calculated from the relation p = 1. 7 + 0.2 cc We 
sub~ivided the seam sequence into 6 seam groups. denoted by 
vertical bars. The carboniferous was combined with two dif­
ferent types of overburden structure. Model I in Fig. 2 has a 
simple 3-layer overburden with strong reflection coefficients. 
whereas in model II there is a more gradual transition from 
the ~urface to the carboniferous. consisting of 9 layers. The 
receivers are arranged on a vertical array extending from the 
surface to the level 600 m, with a depth interval of 25 m. A 
seismic source, exciting vertically travelling plane waves or 
spherical waves, is located at the free surface. In the spheri­
cal-wave case the source is a vertical single force, and the 
receivers may have an arbitrary offset r. 

Model I 

Figure 3 shows the calculated VSP seismograms for plane­
wave excitation with a dominant frequency of 100 Hz in the 
case of relatively weak absorption (Q = 1000 in all layers). In 
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Fig. 2. I£ft: A typical velocity-depth 
model from the Ruhr district, W. 
Germany. The carboniferous is 
subdivided into 6 seam groups, 
indicated by vertical bars and combined 
with two different overburden models, a 
simple 3-layer overburden (model I) and 
a complicated 9-layer overburden 
(model II, dashed line) 
Right: Corresponding layer sequences; 
circles indicate vertical seismic profile. 
K(t), single force; r, offset from source to 
receiver array 

order to save computing time. the response. which has a 
duration of nearly 8 s. is only calculated for a time segment of 
1 s using the method of complex frequencies described above; 
1t took a computing time of about 2.5 min on a DEC 1091 to 
c.alculate this section. Downgoing waves with positive veloci­
ties are clearly separated in Fig. 3 from upcoming waves with 
n~gative velocities. The first arrival in each seismogram is the 
dJrect. downward travelling wave. The interfaces of the 3-
layer overburden can be identified at the depths z and z 2 3• 

where the direct wave coincides with primary reflections from 
the overburden. At the surface the amplitudes of reflections 
are doubled. From there the upcoming waves are reflected 
back as surface multiples into the structure. Within each 
layer. the amplitudes remain constant. as we expect for plane 
waves in elastic media. At interfaces the transmitted waves 
are affected only by the transmission coefficient. primary re­
flect10ns from the seam groups. indicated by bars in Fig. 2. 
are ~ffected only by the transmission coefficient. Primary re­
flect10ns from the groups 1. 2 and 3 can be identified clearly. 
Each reflection is a complicated interference signal. The deep­
est traces, in the depth range 425-600 m, contain seam­
group reflections. which are undisturbed by overburden mul­
tiples. 

Figure 4 demonstrates the influence of the frequency con­
tent of the excitation signal. We have now assumed a domi­
nant frequency of 50 Hz; all other parameters are the same as 
in the calculation for Fig. 3. This seismic section shows 
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strongly modified primary reflections from the seam groups. 
The amplitude ratio between them is changed, particularly in 
that the reflection from seam group 2 becomes much weaker 
relative to the reflections 1 and 3. Thus, a shift in dominant 
frequency of seismic waves used for coal prospecting may 
strongly enhance or reduce a particular seam-group reflec­
tion. Broadband recording and subsequent bandpass filtering 
in different frequency bands may therefore be quite helpful 
for the identification of seam groups. · 

If we use a vertical single force at the free surface, which 
excites spherical waves with again 100 Hz dominant fre­
quency, we obtain the VSP synthetic seismograms in Fig. 5, 
calculated for an offset of r = 200 m. Compared to the plane­
wave case in Fig. 3 the traveltime curves of all phases are 
now curved, and the amplitudes of up- and downgoing waves 
are no longer constant within the layers. Relative to the 
direct wave, the primary reflections from the seam groups 
become weaker. Only seam groups 1 and 2 can be identified 
clearly and show nearly the same interference signals as in 
Fig. 3; the seam group reflection 3 is much weaker. The 
computing time to calculate this section was about 2 h. 

The theory of spherical waves allows also the calculation 
of synthetic seismograms on a horizontal profile. For re­
ceivers located on a line extending from 100-llOOm, we ob­
tain the section shown in Fig. 6. The first arrival D is the 
strongly attenuated direct wave which travels along the top of 
the first layer. The primary reflection R 1 from the first over­
burden interface arrives at 230 ms. Beyond the critical dis­
tance of about 600 m, we then record the refracted wave from 
the second layer as a first arrival. At 440 ms the second 
primary reflection R 2 from depth level 475 m arrives, followed 
immediately by a multiple reflection of R 1. Within the time 
window of 500 ms to 650 ms, we can identify the primary 
reflections from the seam groups 2 and 3. Beyond a distance 
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0 N ~ ~ 
~ ~ ~ ~ 
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0 
~ 
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3 

-=-

-

-=-
Fig. S. VSP section for model I and 
spherical-wave excitation at the surface; 
offset r = 200 m. The dashed line 
indicates a numerical phase without 
physical significance. Seam-group 
reflections are indicated by I, 2, 3 

of 500 m they interfere strongly with multiples and primary 
reflections from the overburden. Compared to the VSP seis­
mograms in Figs. 3 and 5, multiple events cannot easily be 
separated from primary reflections of the seam groups. 

Model II 

In order to study the influence of multiple reflections and 
adsorption in the overburden, VSP seismograms for a more 
complicated layering (model II) were calculated. Figure 7 
shows the synthetic section for Q = 1000 everywhere and for 
spherical-wave simulation, as described above. The direct 
wave D is followed by a strong multiple M of the reflection 
from the first overburden interface at depth 35 m. The pri­
mary reflections from the seam groups 1, 2 and 3 stand out 
clearly, but they begin to interfere with the multiple reflection 
M in the depth range below 500 m. As already mentioned, 
the spherical-wave approximation corrects exactly the pri­
mary reflections only, but attenuates multiple reflections too 
much. Thus, one could expect a small influence of multiples 
on seam reflections in the depth range 150-400 m. 

If we want to model strong anelastic effects in the over­
burden by assuming Q = 100, we obtain the section shown in 
Fig. 8. The amplitudes of the seismograms are now normal­
ized with respect to the maximum of the seismogram at the 
depth 600 m in Fig. 7; thus seismograms of Figs. 7 and 8 are 
directly comparable. Wave amplitudes are strongly attenuated 
due to anelastic effects, and the accompanying dispersion can 
be seen. Primary reflections from the seam groups are clearly 
visible in the depth range 300-600 m only. The disturbing 
influence of overburden multiples on primary reflections from 
the seam sequence is reduced. 

Figure 9 shows the synthetic seismograms for the exact 
spherical-wave case; they were calculated for an offset of r 
= 200 m and Q = 1000 throughout model II. A weak, non-
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Fig. 6. Horizontal-profile section for 
spherical-wave excitation at the surface 
of model I, seismograms are normalized 
to the maximum of the most distant 
trace. D, direct wave; R 1, reflection from 
the first overburden interface; R 2, 
reflection from the second overburden 
interface. Seam-group reflections 
indicated by 1, 2, 3 

Fig. 7. VSP section for model II and 
spherical-wave simulation with offset 
r=O; Q=IOOO everywhere. D, direct 
wave; M, surface multiple from the first 
overburden interface. Traces at 0 and 
25 m are set zero for plotting reasons 
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Fig. 8. VSP section for model II a nd 
spherical-wave si mulation with offset r 
= O; Q = I 00 throughout the overburden 
a nd Q = I 000 elsewhere. Section is 
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Fig. 9. VSP section for model II and 
spherical-wave excita tion by a single 
force at the surface; offset r = 200 m, D, 
direct wave; M, surface multiple from 
the first overburden interface. The 
dashed line indicates a numerical phase 
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Fig. 10. Horizontal-profile section at the 
surface of model II for spherical-wave 
excitation (single force). Seismograms 
are normalized with respect to the 
maximum of the most distant trace 

Fig. 11. Horizontal-profile section at the 
surface of model II for spherical-wave 
excitation (explosion source at depth 
30 m). Seismograms are normalized with 
respect to the maximum of the most 
distant trace. The main band of energy 
in this section is stronger than in the 
section of Fig. 10 because horizontal 
radiation is stronger for an explosion 
than for a vertical single force. Seam­
group reflections 1' and 2' are due to 
the ghost reflection at the source 

disturbing numerical arrival 1s followed by the direct 
downgoing wave D; the first arrival at the depths 0 and 25 m 
is the refracted wave from the first overburden interface. 
Within the first layer supercritical reflections produce strong 
amplitudes in the time interval 100- 200 ms. Many featurt's in 

Fig. 9 are quite similar to those in Fig. 7. except that multiple 
phases (which are correctly modelled in Fig. 9) are considera­
bly stronger. 

The synthetic seismogram section for a horizontal profile 
at the surface of model II is shown in Fig. IO; the correspond-



|00000192||

186 

ing section for model I was given in Fig. 6. Strong amplitudes 
of multiple reflections in the first layer are visible in the 
whole distance range from 100-1100 m and cancel primary 
seam-group reflections beyond a distance of 500 m. Multiple 
reflections within the whole overburden disturb these reflec­
tions at shorter distances more than in the VSP seismograms 
of Fig. 9. For instance, only a small portion of energy in the 
wave group 3 in Fig. 10 is really caused by the seam-group 
reflection 3. Hence, it appears that the disturbing effects of a 
complicated overburden are more pronounced on horizontal 
than on vertical seismic profiles. 

Our final example of synthetic seismograms (Fig. 11) cor­
responds to an explosive point source at a depth of 30 m in 
model II and to a horizontal profile at the surface. Now the 
surface reflection at the source (ghost reflection) entails 
doubling of all arrivals in comparison with Fig. 10, such that 
a really complicated section results. For instance, the seam­
group reflections 1' and 2', which are a consequence of the 
ghost reflection, interfere with the direct seam-group reflec­
tions 2 and 3. respectively. We mention in passing that the 
computing time for Fig. 11 was much reduced in comparison 
with that for Fig. 10, since the reflectivity of model II, of 
course. had not to be recalculated. 

Conclusions 

With the method described above it is possible to calculate 
realistic seismograms on vertical as well as on horizontal 
seismic profiles through complicated layering at reasonable 
computational cost. The case of vertical seismic profiling can 
be modelled very quickly by using simple plane-wave theory 
and correcting approximately for spherical divergence. In this 
way the effects due to multiple reflections and absorption can 
be estimated, and some idea can be obtained about the depths 
at which receivers should be buried and what frequencies 
should be used in a field experiment. provided that some 
information on the structure is available in advance. The 
more sophisticated spherical wave theory yields additional 
information on the influence of the offset between source and 
receiver array. It also allows the simulation of the usual 
horizontal-profile observations at the surface and thus helps 
in deciding whether or not the expensive VSP-technique can 
really be expected to improve the identification of primary 
and multiple reflections and to reduce significantly the influ­
ence of absorption. In the case studied in this paper it ap­
pears that this is actually so, but this result cannot be general­
ized. Hence, a planned field survey should probably be pre­
ceeded by numerical studies with the methods developed 
above. 
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Appendix. Synthetic Seismograms 
for Point-Source Excitation 

We treat the case of an explosive point source in the first layer of a 
horizontally layered medium. This case simulates reasonably well the 
excitation of seismic waves by explosions and similar sources in 

reflection measurements on land or sea. For simplicity we consider 
only acoustic waves. The geometry of the medium is the same as in 
Fig.1; the source depth is z, with O<z,<z,. and the receiver can be 
at any depth and horizontal offset. We work with displacement 
potentials and use cylindrical coordinates (r, <p, z). Because of sym­
metry reasons there is independence of the azimuth <p; r is the 
horizontal source-receiver distance. 

For the Fourier transformed potential of the direct wave in layer 
1 we use the Sommerfeld integral 

cf0 =F(cv)J +J0 (kr)e-ildz-z,ldk, 
0 J l 

(A-1) 

where F(cv) is the spectrum of the excitation function, k the horizon­
tal wavenumber, 11 =(cv 2/()(i-k 2) 112 the vertical wavenumber, and 
J0 (kr) the Bessel function of first kind and order zero. 

Similar representations are sought for the potential in an arbi­
trary layer with index i: 

- - 00 k 
</J,=F(w) J -:--10 (kr) 

0 J l, 
. {A,e-jl.(z-z;)+B,e+jl;(z-z;)} dk 

l,=(cv 2 /()(f-k2) 1i 2 (l,>0 or Iml,<0). 

(A-2) 

This integral solves the wave equation in layer i. As in the plane­
wave case with normal incidence, treated in the main part of the 
paper, the first term in the curly brackets of (A-2) represents all 
downgoing waves in layer i and the second term all upgoing waves, 
and the amplitude coefficients A, and B, are calculated from the 
boundary conditions at the interfaces (continuity of normal displace­
ment and normal stress): 

of,= of,_, 
oz oz z=z, (i=2,3, ... ,n) (A-3) 

P;ql;=Pi-lqli I 

at z=z 1 =0. (A-4) 

Equation (A-3) yields the matrix relation 

(A') =m, (A,_ 1) 
B, B,_ 1 

(A-5) 

with the 2 x 2 layer matrix 

e+il;-;d;-• ((p,l,_, +p,_,l,)e-2il;-,d;-•(-p,l,_, +p,_,l;)) (A-6) 
m, 2p,l, (-p,l,_,+p,_,l;)e-2j1,_,d,_,(p,l,_,+p,_,l,) . 

The layer matrix in the main part, Eq. (5), follows from (A-6) for k 
=0. 

Layer 1 requires a special treatment, because the source potential 
tf)0 in (A-1) has to be included in tj) 1• Above the source (z<z,) we use 
the denotation tfJ 1 = tfJ i with amplitude coefficients Ai and Bi, and 
below the source (z > z,) we have the quantities tfJ1, A 1 and Bi-. The 
relation between the two pairs of coefficients is 

(Aj)=(Ai)+( A, ). where A =e+iI,z'. 
Bj Bj -1/A, ' 

(A-7) 

We then apply (A-5) successively, use additionally the relations Bn=O 
(no upgoing wave in the half-space with index n) and Bt = -At 
(from boundary condition (A-4)), and introduce (A-7): 

(A") (A I) ( At ) ( A, ) 
0 =M B;- =M -At +M -1/A, (A-8) 

with the layer-matrix product 

(A-9) 



|00000193||

The second of the two equations (A-8) can be solved for At: 

M 21 A,-M22/A, 

M12-M21 

Introducing these results into (A-7) yields: 

(A-10) 

(A-11) 

The amplitude coefficients for i = 2, 3, ... , n follow from the matrix 
relation 

where 

(A-12) 

is the layer-matrix product taken down to layer i. Using (A-11) we 
have: 

(A-13) 

A computational advantage, both with respect to accuracy and com­
puting time, is obtained by observing that the only quantity. related 
to matrix M and needed in (A-10). (A-11) and (A-13). is the plane­
wave reflectivity R = - M 21 /M 22 of the layer stack below layer 1: 

RA,+1/A, 

l+R 

A,-1/A, 

l+R ' 

A,. Mi11 +RMi12 (A -1/A) 
1 +R ' ' ' 

B - Mi21 +RM;22 (A -1/A) 
' l+R ' ·' 

(A-14) 

(A-15) 

(i=2,3, ... ,n). (A-16) 

The reflectivity R can be computed recursively (Brekhovskikh 1960). 
For this purpose we define the reflectivity with respect to the depth z 
=z1 by the ratio R 1=B;/A1 of the amplitudes of all upgoing and all 
downgoing waves in layer i. Then we find the relation between Ri- 1 

and Ri from (A-5): 

,_PJi_, -pi_ ,li 

' Pil1 .. 1 +pi_,li 

=plane-wave reflection coefficient of interface z = zi. (A-17) 

The recursion is started with i=n, R.=O, and is stopped at i=2: the 
result R 1 of the last step in the recursion is the desired reflectivity R. 
The reflectivity for vertically travelling waves, which is needed in 
Eqs. (7) and (9) of the main paper. follows from (A-17) by setting lk 

=w/ak. 
Formulas (A-14) to (A-16). together with (A-2) allow wavefield 

calculations for arbitrary receiver depths and distances from the 
source in the layered medium. For applications it is better to work in 
terms of integrals over slowness u = k/w rather than integrals over 
wavenumber k. The vertical wavenumbers transform according to I; 
=wqi, where qi=(ai- 2-u2)112. The spectra of the horizontal and 
vertical displacements, fi,; = otj)jor and uzi = otj)joz, respectively, are: 

00 2 ) 
U,;= -F(w)w2 J ~]·1 (uwr){Aie-iroq;(z-zil+Bie+iwq,(z-z,)} du 

O]ql 

Uzi= -F(w)w2 J uqi J0 (uwr){Aie-iwq;(z-z;i_Bie+iroq,(z-z,J} du 
0 q, 
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(i = 1, 2, .. ., n). (A-18) 

We add a few brief remarks on some aspects of the numerical 
calculation of the integrals in (A-18): 

1) The integration is performed by the trapezoidal rule and is 
restricted to the slowness interval of interest. Normally this is the 
interval from 0 to 1/a1. The number of slownesses is typically 100 to 
several hundreds. A cosine taper at the largest slownesses may be 
useful to reduce the amplitudes of numerical arrivals without physical 
significanc~ 

2) Anelasticity of the layers is taken into account by working 
with complex wave velocities according to Eq. (11) of the main paper. 
Besides the fact that this is a desirable feature in principle, especially 
when the high-frequency waves of seismic prospecting are modelled, 
it is also computationally favorable since it removes the surface­
waves poles of the integrands away from the real u-axis and thus 
away from the integration path. 

3) Time-domain aliasing because of very long physical responses 
can be avoided or reduced by using complex instead of real freq uen­
cies, as described in the main part. 

4) The Bessel functions are replaced by the asymptotic form of 
the corresponding Hankel functions of the second kind, implying 
only waves propagating away from the source. Numerical tests 
showed that only for very accurate calculations at small distances 
should the original Bessel functions be retained. This may be con­
nected with the occurrence of relatively strong numerical arrivals. 

5) Fast Fourier Transform methods are used for going from the 
time domain to the frequency domain and vice versa. 

Additional information on the numerical calculation of integrals 
of the form (A-18) can be found in papers by Fuchs and Miiller 
(1971), Fertig and Miiller (1978) and Kennett (1979; 1980). We con­
clude this appendix with the displacement spectra for a vertical single 
force at the surface of the layered medium: 

- K(w)w ooJ 2 . ·l I . c l ) u .= ---- u J (uwr){A.e- 1 wq, z-z, +B.e+ 1 roq, z-z,} du 
rl 4npl Q 1 I l 

K(w)w 00J · 1 · 1 1 Uzi= --4-- juq;f0 (uwr){Aie- 1'"• 1 z-z,J _Bie+Jwq, z-z,} du 
np, o . 

where 

K(w)=force spectrum, 

M;11+RMi12 
A=2-----

, l+R 

Mi21 +RMi22 
B =2 (i=2,3 ... .,n). 

' l+R 

(1=1,2,. .. ,n), (A-19) 

Formulas (A-19) are a useful supplement to the results (A-18) for an 
explosive point source, since these vanish for a source location at the 
surface because of exact cancellation of the direct wave and the 
surface reflection. 
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