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Abstract. The reflectivity method for the calculation of theotetical body-wave seismo-
grams is extended to include a double-couple point soutrce. Theoretical seismograms of
ST waves from this type of source are presented for models of the earth’s crust and the
crust-mantle boundary, and for models of the whole earth. In the models of the crust-
mantle boundary, there are up to four ST head waves, depending on the sharpness of the
transition. The most remarkable one is slightly slower and later than S and has unusually
low frequencies. Theoretical ST/-wave seismograms for models of the whole earth for
periods from 15 s to 60 s and in the epicentral distance range from 10° to 160 ° show as promi-
nent phases S, $¢S5, SKS and SKKS. SKS and SKKS are different in wave form, in agreement
with observations from long-period WWNSS stations. A diffracted wave SPaipKS -+
SKPqigeS is found in the theoretical seismograms whose travel-time curve is tangential to
that of SKS at a distance of 107°. The resulting interference causes the wave form of SKS
to change markedly around 120°. Since the theoretical seismograms are the complete
response of the earth models from the crust-mantle boundary down to the inner core, they
also include many multiple and converted phases. Besides those associated with the crust-
mantle boundary there are phases related to the transition zones in the upper mantle. Their
amplitudes depend strongly on the sharpness of these zones.
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Introduction

The interest of seismologists in seismic body waves seems to have increased
during the last years not only due to the new possibilities that ate offered by arrays
but also because methods are now available to investigate, with conventional stations,
the dynamic properties of these waves. Seismologists have always expressed the
view that these properties, i.e. amplitude and wave form, contain information about
the wave velocities and density within the earth which supplements and in some im-
portant cases exceeds the information from the kinematic properties, i. e. travel times and
ray parameters. Only recently, however, methods for body wave computations in
earth models with arbitrary depth dependence of velocities and density have been
developed to the stage of allowing their more or less routine application to observa-
tions. High quality data, i.e records from well-calibrated, identical stations with
sufficiently close spacing, are a basic condition for quantitative interpretations. They
are now routinely obtained in explosion seismological experiments like that described
by Hirn e a/. (1973) and Kind (1974). In earthquake seismology, such data are avail-
able since about 10 years from the Worldwide Network of Standardized Seismo-
graphs (WWNSS) and from the Canadian Seismic Network (CSN).
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We consider the long-period tecords from the approximately 150 stations of these
two networks as an especially abundant source of information about the elastic
and also anelastic properties of the earth. Up to now, only a few quantitative inter-
pretations of long-period data have been published. Examples ate papers by Mitchell
and Helmberger (1973) on the SH components of § and S¢S, by Miiller (1973a)
on PKP, and by Helmberger and Engen (1974) on the S/ component of § travelling
through the upper mantle. Our present work is mainly directed towards an investi-
gation of the core-mantle boundary using the ST7 component of S¢S together with
SKS and SKKS. Our calculations of theoretical ST-wave seismograms for both
simple and realistic models gave a number of interesting results which are compiled
in this paper. Data analysis and interpretation in terms of earth structure are under
way and will be published separately.

Two different methods are presently being used for the calculation of theoretical
seismograms for point sources in vertically inhomogeneous half spaces or spheres,
generalized ray theory and the reflectivity method. By now, generalized ray theory
is relatively well known and used by various authors. The same is not yet true for
the reflectivity method which was introduced by Fuchs (1968b) and developed
further by Fuchs and Miiller (1971). However, this method deserves wider distribu-
tion since it is more exact than generalized ray theory in that it includes #// wave
types in the reflecting medium—primary reflections, multiple reflections and converted
waves. By contrast, when using generalized ray theory one normally has to restrict
the calculation to primary reflections. Multiples and conversions can be included
only in special cases. For instance, it would be quite hard to calculate theoretical
seismograms for SKKS or SKKKS with generalized ray theory whereas these phases
are automatically included in computations with the reflectivity method, as can be
seen later in this paper.

Both generalized ray theory and the reflectivity method are methods for layered
half spaces. In computations for spherical earth models, an earth flattening approxi-
mation (EFA) is usually applied beforehand. There are derivations of the EFA
from a compatison of both geometric ray theory (Miiller, 1971, 1973b) and wave
theory (Hill, 1972; Chapman, 1973) for a sphere and a half space. Both approaches
give almost the same results for the transformation of the sphere into a half space,
but it seems that the simple approach, based on geometric ray theory, gives a more
complete EFA since it also includes the possibility that the point soutce and the
receiver are at different depths. The range of applicability of the EFA has been dis-
cussed by Miiller (1973 b) with the aid of a numerical experiment and found to include
waves with periods of up to 30 s, propagating as deep as several hundred kilometers
below the boundary of the inner core. The similarity of observed and theoretical
seismograms for core phases in Miiller (1973a) is in itself a qualitative proof that the
EFA has a wide range of applications. Buchbinder (1974) recently noted this similar-
ity in the case of the diffraction at the caustic of PKXP which produces a very low
frequent and dispersed precutsor to PK/KP in long-period records. Another example
is given in Fig. 18 of the present paper for SKS and SKKS. In this case, the theoretical
seismogram shows the same difference in pulse form between the two phases as the
observed records.

The following section gives a brief account of the reflectivity method for a double-
couple point source in a layered half space. The introduction of this source type is
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Fig. 1. Double-couple point source with special orientation in a layered medium

necessary, since the final aim of our work is the investigation of waves from earth-
quakes. Details of the derivation and formulas are given in the appendices A and B.
First examples of theoretical §'1~wave seismograms for two half spaces, separated
by a first-order discontinuity or a transition zone, ate then discussed. The system
of head waves in these models is particularly interesting from a theoretical point
of view. A seismogram section is also given for a realistic model of the earth’s crust,
derived from recent refraction experiments. The main part of this paper gives results
for the propagation of ST waves in different models of the whole earth. One P-
wave seismogram section is also included. The ST sections show, besides the main
body-wave phases .5, S25, SKS and SKKS, a surprising number of additional, mostly
weaker, phases. Most of them are multiples and converted wave types which are
produced at discontinuities and transition zones of the models; one is a wave, dif-
fracted at the carth’s core and related to SKS. The identification of these phases
was mainly made with the aid of their travel times. The investigation of these minor
phases is necessary for our work on the main 517 phases, since there may be inter-
ference. Some of these phases may also be of interest in the study of the fine structure
of the earth’s mantle.

Basic Formulas

Fig. 1. shows the geometry of the double-couple point source and the layered
medium that is assumed in all calculations of this paper. This is a special and simple
case of the more general geometry treated in Appendix A. The model consists of a
reflecting zone below a homogeneous half space. The half space contains source and
receivers and is characterized by the P velocity o, the S velocity f; and the density
1. The distance of source and receivers from the reflecting zone is #;. The reflecting
zone consists of #-2 layers and a half space; # is the total number of different media.
The force system of the double couple is located in a vertical plane, and the receivers
are assumed to lie in this plane along a horizontal profile through the source. As
Fig. 2 shows, the ST radiation of the double couple is maximum along the z-axis
whereas the £ radiation vanishes in this direction. There is no S/ motion at the re-
ceivers, and §17and P waves are polarized in the vertical plane through the receivers.
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Fig. 2. Far-ficld radiation characteristics of the double couple in the vertical plane, contain-
ing the receivers. The 7 motion is transversal, the £ motion longitudinal. It has been
assumed that the velocity ratio o1/f1 is |3

This is true for both the direct waves and the reflections from the reflecting zone. The
usual description of the time dependence of a double couple is by the moment func-
tion M(#). In the far field, all displacements of the direct waves have the form of the
derivative A’(¢).

If M(w) (w=circular frequency) is the Fourier transform of M(#), then the
Fourier transform of the horizontal and vertical displacements of the reflected S~
wave at the reveivers, due to the incident ST7 wave, are (see Appendix A):
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In the following, these displacements are called the $ response of the medium.
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In these expressions, 7 is the imaginary unit, y is the real angle of incidence at the
top of the reflecting zone, y1 and yg are the limits of y and are chosen according
to the waves of interest. Rys(w,y) and Rpyp(w,y) are the plane-wave reflection coeffi-
cients (or reflectivities) of the reflecting zone which normally depend both on w
and y. Some explanations, concerning the calculation of Rys(w, ), ate given in Appen-
dix B. /o and /; are Bessel functions of the first kind. Details of the calculation of
theoretical ssismograms with the aid of formulas such as (1) through (4) have been
given by Fuchs and Miiller (1971).

For the calculations of this paper, the following assumption has been made about
the spectrum of the double-couple moment function:

— 1 TTw
M(a))=§(1 —{—cos—a;),——wogwgwo

wo is the (circular) cutoff frequency. M'(¢), the derivative of the moment function,
is approximately one sine period with duration 7"~ 15/w¢. This pulse, and therefore
also the direct wave from the double couple, are acausal, i.e., they are nonzero for
negative times. The essential acausality can be removed by a shift to greater times
by 77/2. This time shift is applied to all theoretical seismograms.

Theoretical Seismograms for SV Waves in Crustal Models

In this section, theoretical seismograms for a few models of the earth’s crust will
be presented.

Figs. 3 and 4 show plots of the horizontal displacement component of the S5
response of a 30 km thick homogeneous crust, overlying a homogeneous mantle.
The crust-mantle boundary (Moho) is a first-order discontinuity. The free surface is
notincluded in the model, neither at the source nor at the receiver. The main frequency
of the input signal is 7 Hz. The main phase in Fig. 3 is the reflection from the Moho.
The same seismograms as in Fig. 3 are plotted in Fig. 4 on a ten times larger ampli-
tude scale. Now, three weak head waves are visible in addition to the Moho reflec-
tion, one with the P velocity of the mantle, one with the P velocity of the crust,
and one with the § velocity of the mantle, the last type-being the §, wave of our
model. The head wave §; P35 originates from S-2 and P-§ conversions at the Moho
and is expected to exist. A head wave of the type 51 P15, travelling with the P
velocity of the crust, is less familiar although not unexpected (cf. Fig. 2—13 of Ewing
et al., 1957). Another pecularity is the shape of the S, wave. The short period onset
of this wave is followed by a signal with much larger period. It is not clear whether
this is a second arrival or due to dispersion of the 5, wave. Professor F. Gilbert
has drawn our attention to the possibility that this long-period signal is due to a
pseudo-Rayleigh wave at the top of the lower half space, which radiates S body
waves to the surface. (Roever ez /., 1959; Gilbert and Laster, 1962). This suggestion
is supported by the fact that the phase velocity of this signal is slightly less than the
velocity of the Sy arrival.

In Fig. 5, the first-order discontinuity in the models of Figs. 3 and 4 is replaced
by a 1 km thick transition zone. Now, the onset of ., has larger amplitudes than in
Fig. 4, and the long-period later arrival is reduced in amplitude. This shows that this
feature of the 5, wave depends on the thickness of the transition zone. Up to now,
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Fig. 3. Theoretical SI”-wave seismograms for a model, consisting of two homogeneous half
spaces. The properties of the two media roughly correspond to average velocities and den-
sities of crustal and upper mantle material, respectively (3 =6.0 km/s, §1=3.46 km/s,
01 =2.53 gfem3, az =8.0 km/s, 2 =4.62 km/s, p2 = 3.28 g/cm3). The double-couple point
source and the receivers are located 30 km above the interface between the two media
(Moho). The duration of the source signal is .15 s, The seismograms are shown on a reduced
time scale and correspond to the horizontal displacement in profile direction which is of ST/
type alone. On the amplitude scale used, the Moho reflection §1.5; (in usual nomenclature
SamS) is practically the only arrival that is visible. The amplitudes in Figs. 3—7 should be
divided by |/x in order to obtain the true amplitudes
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Fig. 4. The same as Fig. 3, but with a tenfold increase in amplitude scale. The amplitudes of
the Moho reflection are clipped. Now, three head waves are visible, travelling, respectively,
with the P and the § velocity of the lower half space (51251, 15251 or §5,) and with the P
velocity of the upper half space (517151). The long-period arrival between 5, and S5 is
probably due to a pseudo-Rayleigh wave at the top of the lower half space. The arrival mark-
ed by the dasked line is a purely numerical effect and travels with the highest phase velocity
that is used in the seismogram calculation. Arrivals of this sort are also visible in other seis-
mogram sections of this paper, and they travel with either the highest or the lowest phase
velocity
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Fig. 5. The same as Fig. 4 for a transition zone with thickness 1 km between the two half

spaces. The transition zone is approximated by 4 thin homogeneous layers. The correspond-

ing fine structure determines the Moho reflection for distances up to about 80 km. Beyond,
the seismograms resemble those for a linear transition zone

this long-period tail of §, has, to our knowledge, not yet been found in observa-
tions. The head wave 7 ;5 has disappeared in Fig. 5, indicating that this wave is
also closely connected to the sharpness of the crust-mantle transition. The head
wave 1 P51 is reduced in amplitude and has longer periods. This shows that only
those long-period parts of the signal are converted into P waves at the transition
zone, for which this zone is still close to a first-order discontinuity.

In Figs. 6 and 7, theoretical S-wave seismograms for a realistic crustal model of
the Rhinegraben area are plotted. The P-velocity model is taken from Edel ef o/,
(1974), and the S-velocity distribution has the same form. The most prominent phases
in Fig. 6 are the reflection $38 from the broad crust-mantle transition zone and the
head wave §,. S5 is not followed by a long-period signal. This emphasizes that in
fact this peculiarity of 5 is closely related to the sharpness of the crust-mantle transi-
tion. At later times and larger distances, there is a multiple reflection between the
crust-mantle transition and the top of the basement. A relatively strong phase,
8Py PS, appears at earlier times and with higher apparent velocity. This is a wave
which travels in the sedimentary layer as an § wave, is then converted at the top of
the basement into a P wave which is reflected at the crust-mantle transition zone and
converted back into an § wave at the top of the basement. (The occurrence of this
wavetype is due to the use of the J§ reflection coefficient. If, for example, the SP
reflection coefficient would be used in order to calculate the § P response of the model,
an even stronger phase $Py PP would be observed.) The same seismograms as in
Fig. 6 are plotted in Fig. 7 on a ten times larger amplitude scale. Many more weak
multiples and converted phases are now visible. This figure emphasizes the real
power of the reflectivity method in that the complete response of the model is ob-
tained. In this respect, the reflectivity method is supetior to ray-theoretical methods,
based on generalized ray theory, where it is not always easy to know which multiples
and converted waves should be taken into account. Computed sections like the one
in Fig. 7 sometimes pose difficult problems with regard to the interpretation of
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Fig. 6. Theoretical §1/-wave seismograms for a realistic crustal model. The S-velocity dis-
tribution is shown on the left. The seismograms are the complete S response from the struc-
ture below the sedimentary layer due to the § wave from the double-couple point source.
The gradient zones are approximated by homogeneous layers whose thickness is about
1 km. The duration of the source signal is 0.3 s. The main phases are described in the text

Fig. 7. The same as Fig. 6, but with a tenfold increase in amplitude scale. The amplitudes of

the most prominent phases are clipped. Many weak phases due to multiples and conversions

in the reflecting zone below the sedimentary layer are now visible. The arrivals along the
dashed lines are numerical effects. They are explained in the caption of Fig. 4

multiple and converted waves. We have not studied this question for the section of
Fig. 7. The problem will, however, be discussed in greater detail in the next section
for models of the whole earth.

Our results for S, in different models suggest a simple and perhaps useful way of
investigating the thickness of the crust-mantle transition in the real earth. Compara-
tive studies of the frequency content of P, and 5, from near earthquakes with foci
in the crust or from explosions could be made, and if substantially more low fre-
quencies are found in 5, than in P, (after correction for the influence of attenuation),
then this would point to a relatively sharp transition. If, on the other hand, no essential
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Fig. 8. Earth model A that is used in most calculations of this paper (¢ = P-wave velocity,
f = S-wave velocity, o = density)

difference in frequency content is found, then, according to our preliminary calcula-
tions, the transition should be thicker than roughly the § wavelength, corresponding
to the main frequency of the source pulse. This method could supplement the more
obvious method of investigating the Moho reflection PP around the critical point
in refraction data.

Theoretical Seismograms for Realistic Earth Models

In this section, synthetic seismograms for P and ST phases in realistic earth
models will be discussed. The model that is mainly used is based on several recent
seismological investigations of the earth’s mantle and core (Johnson, 1969; Buch-
binder, 1971; Dziewonski and Gilbert, 1971; Press, 1972; Miller, 1973a; Qamar,
1973; Wiggins ef al., 1973). This model, called model A in the following, is listed
in Table 1 along with a modified version wherein the upper mantle is replaced by the
smoother Jeffreys-Bullen upper mantle (Bullen, 1963). Model A is also plotted in
Fig. 8. In some cases, the calculations have been performed for models without a
crust, i.¢., the upper mantle material extends to the earth’s surface. Table 2 contains
information about all models investigated. The layer thickness given there is the
thickness of the homogeneous layers by which the inhomogenecous earth model is
approximated. The ratio of § wavelength to layer thickness varies, in the lower
mantle, from about 2 to about 7. The appropriate ratio for modelling an inhomo-
geneous structure depends on the wave type under investigation and has to be
determined by numerical experiments.

The double-couple point source is oriented as in Fig. 1. For rays propagating
towards the lower mantle and the core, its ST/ radiation is approximately independent
of the radiation angle (see Fig. 2). The P radiation, however, depends strongly
on this angle since one of the two nodal planes for P is vertical, Different values of
the main period of the source pulse have been used, as given in Table 2. Source and
receivers arc located at the same level, corresponding to the earth’s surface. The
influence of the surface is, however, not taken into account, neither at the source
nor at the receivers.
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Table 1. Velocity-density distribution

Depth P velocity § velocity Density
(km) (km/s) (km/s) (g/cm3)
(a) Earth model A
0 6.20 3.58 2.80
33 6.20 3.58 2.80
33 8.05 4.60 3.45
100 7.95 4.40 3.45
200 8.32 4.25 3.40
380 8.83 4.75 3.60
430 9.56 5.25 3.75
620 10.04 5.50 3.90
700 10.94 6.10 4.30
900 11.29 6.25 4.57
1100 11.64 6.38 4.67
1400 12.07 6.60 4.80
1800 12.56 6.78 4.97
2200 12.99 7.05 5.14
2600 13.48 7.20 5.27
2800 13.69 7.24 5.32
2890 13.73 7.25 5.32
2890 8.10 0 10.00
3200 8.50 0 10.50
3500 8.92 0 10.95
3800 9.31 0 11.30
4000 9.52 0 11.50
4200 9.74 0 11.66
4400 9.91 0 11.80
4600 10.03 0 11.93
4800 10.14 0 12.07
5000 10.19 0 12.21
5162 10.20 0 12.30
5162 10.83 3.50 13.08
5300 11.05 3.50 13.08
5500 11.20 3.50 13.08
5700 11.26 3.50 13.08
5900 11.30 3.50 13.08
6100 11.31 3.50 13.08
6300 11.32 3.50 13.08
6371 11.32 3.50 13.08
(b) Jeffreys Bullen upper mantle
0 6.20 3.58 2.80
33 6.20 3.58 2.80
33 7.76 4.36 3.32
413 8.97 4.96 3.64
600 10.25 5.66 4.13
800 11.00 6.13 4.49

900 11.29 6.25 4.57
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Table 2. Earth models, parameters and computing times

Fig. No. Earth model Average layer  Main period of Computing time on
thickness in source signal a UNIVAC 1108
km ins

9 model A 100 54 4 h 23 min

10 model A 100 54 2 h 06 min

11 model A 100 30 4 h 04 min

12 model A with JB 100 54 2 h 06 min

uppet mantle
13 and 14 model A without 50 54 6 h 59 min
crust

15 model A with JB 50 17 2 h 12 min
upper mantle, with-
out crust

The theoretical record sections in Fig. 9, and Figs. 11 through 15, show the
horizontal displacement component in profile direction for the S§ response of the
earthmodels. Fig. 10 is a display of the vertical displacement component of the PP
response. These record sections will be desctibed in some detail in the following.
The main point of the discussion will be that besides the main body wave phases
such as S, S¢5, SKS, SKKS, P, PKP etc. many additional phases are visible. We have
been able to identify most of them, and even with regard to the unidentified phases
we are sure that they correspond to a physical wave path. Some of these phases may
possibly help to determine earth structure in certain depth ranges, provided that they
are observed, but most of them only contribute to the background noise for the
main phases. Figs. 16 and 17 are schematic diagrams of some of the ray paths associ-
ated with the arrivals in the theoretical record sections.

The most energetic phases in Fig. 9 are § and S¢S at shorter epicentral distances,
and SKS and SKKS at larger distances. Many additional phases may be detected
in this section. They arrive eatlier or later than the main phases, and in most cases
they have less energy. These phases are due to multiple reflections and converted
wave types at various discontinuities and transition zones of the model. The crust-
mantle boundary (Moho) and the core-mantle boundary are the two major discon-
tinuities of the model. One multiple between these boundaries may be recognized.
It is marked SeSmScS. The letter 7 stands for reflection at the Moho and was intro-
duced to distinguish this phase from the multiple at the free surface, SeSScS, which
would arrive a few seconds later with larger amplitudes. S¢5S¢S does not appear in the
seismograms since in the present version of our computer program there is no
possibility to include reflectors above the source. Similatly, a phase S5 is seen in
the synthetic seismograms with travel times close to those of SS. Phases arriving
eatlier than § and SKS and phases atriving between SKKS and SmS will be discussed
later in connection with Fig. 11.

The prominent phases in the P-wave seismogram section of Fig. 10 are P, Pqin
and PKP. PcP has very small amplitudes at short distances and is therefore difficult
to detect on the amplitude scale used. At larger distances, it intetferes with other
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The forms of SKS, SKKS and SKKKS are quite different. The causes are discussed in the
text

Fig. 16. Ray-path diagrams of some of the phases, appeating in Figs. 9 through 15. S-wave
segments are dashed, P-wave segments are full lines

arrivals except at 55° where it is clearly visible. P#P, which is analogous to S#S§
in Fig. 9, can be recognized instead of PP. Another wave train at later times and with
lower apparent velocity can be seen. This wave train consists of various converted
and multiple wave types such as 259, 25w P, PmS?, PSmPmP, PmPmS? and PmSmP.
The superscript p stands for a wave travelling in the crust as a P wave with conver-
sion into or from § at the Moho. These waves are close in travel time, but not in
amplitude, to 5, SP, PS, SPP, PPS and PSP, respectively. Examples of these phases
are illustrated in the ray-path diagram of Fig. 16.

Fig. 11 shows an S/ -wave seismogram section for model A and for a source
pulse with duration 30 s. This duration is shorter than that used in the calculation
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Fig. 17. Some more ray paths

for Fig. 9 and thus gives a better time resolution. In addition, the receiver spacing
has been decreased which makes it easier to follow phases. The phases SmPs -3PmS
and SKPs-sPKS arrive close to the onset times of SP -+ PS and SKP + PKS,
respectively, but have different amplitudes. The superscript s denotes a crustal S-
wave segment of the ray either before or after conversion at the Moho. In addition
to these phases, a very quickly decaying Saisr, and SKKKS are visible in Fig. 11.
The influence of the structure in the upper mantle also becomes very obvious. Most
of the energy between S, Sqipr and S + sPmS on the one hand and S»S on the
other is due to reflections from the transition zones in the upper mantle. These phases
are called SuS§ in Fig. 11, and their rays are illustrated in Fig. 16. The ringing character
of Su§ is explained by the fact that the average layer thickness in the mantle of model
A is, for these phases, not small enough relative to the dominant wavelength of the
signal. Thus, S&§ does not correspond to the inhomogeneous model A, but only
to its approximation by discrete layers. However, the large amplitude wave group
in the middle of the ringing wave train which corresponds to reflections from the
two transition zones centered around depths of 400 km and 650 km, respectively,
indicates that S&5 for the inhomogeneous model is not negligibly small. This will
later be confirmed in connection with Figs. 13 and 14. The transition zones in the
upper mantle cause further phases. For example, forerunners to S between 80°
and 90° epicentral distance are due to the conversion of portions of the energy of §
into P waves at these transition zones. These forerunners travel through the crust
as 5 waves once more, since only 8 waves in the crust are included in the calculations.
They may therefore be called 75, and forerunners of the type $2§ are likewise includ-
ed. The ray path of §»s is illustrated in Fig. 17. Similarly, the arrivals about 50 s
after SKPs 4 sPKS are caused by the conversion of P waves into § waves and vice
versa at the upper mantle transition zones. However, perhaps the most interesting
aspect of Fig. 11 is the phase labelled SPgqipKS +SKPqied which has, to our
knowledge, not yet been reported from obsetvations. The two ray paths of this
phase are shown in Fig. 17. Both of them include a P-wave portion diffracted along
the core-mantle boundary. The travel-time curve of this phase is a straight line with
the slope of Py and tangential to the travel-time curve of SKS at a distance of 107°.
This diffracted wave produces strong pulse deformations of SK§ in the distance
range around 120° where it separates from SKJS.
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Figs. 12 to 14 show further investigations of S45. The model used for Fig. 12
has a smooth upper mantle with Jeffreys’ velocity distributions and Bullen’s density
distribution A (Bullen, 1963). As shown in Table 2, the average layer thickness is
the same as that used for Fig. 11, but the dominant period of the source pulse, 54 s,
is almost twice the value for that figure. Because of the greater wavelength to layer
thickness ratio the ringing character of Sa§ is reduced, but its generally smaller
amplitudes are mainly due to the smoothness of the upper mantle model used.
In otder to determine SuS correctly for model A, a calculation with an average layer
thickness of 50 km was performed (Figs. 13 and 14). For a source pulse with main
period 54 s this is, in the transition region of the upper mantle, about one sixth
of the § wavelength. Ringing has now disappeared, and 54§ is close to the true
reflection from the upper mantle transition zones, i.e., further reduction of the layer
thickness would not change it essentially. At epicentral distances up to 110°, Sx§
consists mainly of the reflections from the two transition zones at depths of 400 and
650 km. At larger distances, thete are some more oscillations in Sx§ which are
reflections from the depth range of the pronounced low-velocity zone in the S-
velocity distribution (see Fig. 8).

An interesting feature of the phases SKS, SKKS and SKKKS is their strong
difference in wave form. This is especially evident from Fig. 15 where the shortest
of all pulse lengths, 17 s, has been used, thus giving cleatly separated arrivals.
The reasons for the differences in pulse form are that the rays of SKKS and SKKKS
touch caustics in the outer core whereas the rays of SKS do not, and that there are
partly phase shifts upon transmission and reflection at the coremantle boundary.
Choy and Richards (1975) have discussed these effects in general and given approxi-
mate transformations which relate the shapes of phases such as s§ and §S from deep
focus earthquakes, or SKS and SKKS. They assume that 5§ and SKS have not
suffered essential wave-form changes along their paths. For SKS at distances around
120°, however, the diffracted wave SPgqistKS + SKPgiptS actually produces severe
deformations in SKS, as is seen in Figs. 11 and 15, and it is just in this distance range
that Choy and Richards apply their transformation method to longperiod WIWNSS
records of SKS and SKKS. Besides noise of different origin in the data, this is
probably a major reason why this method, which certainly takes correct account
of the main causes of pulse deformation, does not give particularly satisfactory
results. From the seismograms in Fig. 15, more suitable distance ranges for this
method appear to be the interval from 100° to 110° approximately and distances
around 140° whete SPgippKS +SKPqgiseS has separated from SKS, and SKKKS from
SKKS. Two of the observed seismograms in Choy’s and Richards’ paper resemble
so closely the theoretical seismogram at the distance 117.5° in Fig. 15 that we have
drawn them on the same time scale in Fig. 18 in order to demonstrate the agreement
between observation and theory that can be achieved.

Summary and Conclusions

The reflectivity method for the calculation of theoretical seismograms has been
extended to include a double-couple point source and to compute S I’-wave seismo-
grams, using the S5 reflection coefficient of a layered medium. Synthetic seismograms
of ST waves have been computed for crustal models and for models of the whole
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Fig. 18. Comparison of observed and theoretical seismograms for SKS and SKKS. The
observed seismograms are from a paper by Choy and Richards (1975) and represent the
long-period E—W component at the WHI7NVSS station Odgensburg, New Jersey, U.S. A.
With respect to the epicenters, this component is practically radial and therefore directly
comparable with the theoretical seismogram which was taken from Fig. 15. Correcting the
epicentral distances of OGD for the effect of focal depth gives an increase of 0.8° to 1° and
thus values close to 117.5°. The data of the two earthquakes are: (1) November 20, 1971,
07:28:01.1; 23.4 S, 179.9 W; depth 551 km; wp=06.0. (2) July 21, 1973, 04:19:17.1,
24.8 S, 179.2 W; depth 411 km; m, =5.9

earth. These calculations gave the complete § [/-wave response of the models, includ-
ing multiple reflections and conversions. Since such phases, for instance SKKS
and SKKKS, are sometimes of considerable interest in seismology, the reflectivity
method has a broader field of applications in seismic body-wave studies than general-
ized ray theory. This advantage is, however, accompanied by the requirement of
relatively long computing times.

For a model of two half spaces, separated by a first-order discontinuity and haviag
average proporties of the earth’s crust and upper mantle, respectively, we found two
unfamiliar types of ST head waves, one travelling with the 7 velocity of the upper
half space, and one which is slightly slower than the head wave travelling with the
S velocity of the lower half space. The second of these head waves has unusually
low frequencies and is probably caused by a pseudo-Rayleigh wave at the top of the
lower half space. Both head waves eventually disappear if the discontinuity between the
half spaces is replaced by transition zones of increasing thickness. Models of the
whole earth also produce §'17 phases that are not always expected. One is the diffracted
wave SPgiKS + SKPgierS whose travel-time curve is a straight line tangential to
the travel-time curve of SKS. It interferes stongly with SKS in the distance range
around 120°.

Another result of our calculations is that the structure of the upper mantle is
quite important for various types of multiples and converted waves. We have
identified reflections S#§ from the transition zone region of our earth model A,
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Fig. A-1. The layered medium with the double-couple point source

produced by § waves incident from below, and forming forerunners to S5, More-
over, there are forerunners to 5 due to conversions from § to £ waves in this region.
The existence of these various forerunners depends strongly on the sharpness of the
transition zones in the upper mantle, and therefore they might be used in checking
proposed velocity and density distributions.

The main S-wave phases, S, Sef, SKS and SKKS, are the prominent arrivals
in our S-wave seismogram sections, and the phases mentioned in the preceding
paragraphs, as interesting as they are, are almost all quite weak in comparison.
The final purpose of the present work is to compare observed long-period and
theoretical seismograms for the main § phases. This comparison should show
whether or not present earth models are, in their lower mantle and outer core part,
compatible with the amplitudes and signal shapes of these phases. Besides that, it
will be of interest to search in data for some of the minor phases mentioned above.
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Appendizc A: Reflectivity Method for a Double-Couple Point Source

In this appendix, a compact description of the reflectivity method for a double-
couple point source is given, including all necessary formulas. Fig. A-1 shows the
geometry of the layered medium. It is subdivided into the reflecting zone and a stack
of # surficial layers which produce only time shifts and elastic transmission losses.
The source Q is assumed to lie inside one of the layers 1 through ». Two coordinate
systems are used; cylindrical coordinates r, ¢, % for the receivers and the displace-
ment COmMpONENts #r, #g, #,, and cartesian coordinates x1, xg, x3 for describing the
orientation of the double couple (Fig. A-2). The unit vectors f=(f1, fs, fa) and n =
(71, na, ng) are those normals to the P nodal planes that have between them one of
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P nodal

Fig. A-2. a) Unit vectors f and n, describing the double couple. The plus and minus signs
denote first P motions away and towards the source, respectively. b) Cylindrical and
cartesian coordinates that are used, and the unit vectors f and n of the double couple

the quadrants with first P motions Zowards the source. (Instead of fand n, —fand —n
can also be used.) In practical applications, these vectors can be derived from fault-
plane solutions of earthquakes.

The starting point of the derivation is a paper by Miiller (1969) on generalized
ray theory for single-force and dipole point sources. The expressions (13) of that
paper give the complete displacements, corresponding to an arbitrary generalized
ray from 2 harmonic single-force point source to the receiver. We have used these
expressions and the transformation formulas (19) in the same paper to derive the
displacements due to a single couple. Superposing the displacements due to a
second single couple gives the displacements due to a harmonic double couple,
In the whole derivation, near-field terms are dropped which essentially means that
P and ST waves have no azimuthal displacement #g, and SH waves no radial dis-
placement #.. This neglection is fully justified in view of practical applications. The
resulting displacements are then specialized for the following generalized rays:

a) SH ray from the source Q to the top of the reflecting zone (RZ) and from RZ to
the receiver P (5§ response)

b) P ray from Q to RZ and from RZ to P (PP response)

c) P ray from Q to RZ, §17 ray from RZ to P (PS response)

d) S ray from Q to RZ and from RZ to P (55 response)

e) 17 ray from QQ to RZ, P ray from RZ to P (§P response)

These displacements contain the generalized reflection coefficients, in the sense
of generalized ray theory, of the interface on top of the reflecting zone. Replacing
these interface reflection coefficients by the reflection coefficients (or reflectivities)
of the whole reflecting zome gives the displacements according to the reflectivity method.
They are given in the following in the form of Fourier transforms for an arbitrary
double-couple moment function M(#). Because of their derivation from genetalized
ray theory, they are integrals over the apparent slowness # The angle of incidence
at the top of the reflecting zone, y, is introduced at the end.

The following abbreviations are used in the displacement formulas:

y1=f1cos g + fasing ye= —fising + facos g vs=/s

61 = nycos g + ngsing d = —mysing 4 nycos ¢ 03 = 73
P —9 5 5 -2

g = (% — a5 W g = (@ — B3NP



168 R. Kind and G. Miiller

Table A-1. The functions F1(x), Fa(x), Fs(u)

Type of wave Free sutface  Fi(%) Fo(n) Fs3(n)
at receiver included?
SH no 1 — —
yes 2 — —
P no — 1 — —ql—‘l—
- — B0, o B2
¥ D(x) x D)
SV no — L1 —1
u
e _ 5 4FP—2 4By
u D(n) D(u)

D) = 4 B u*q, gy — @ B} w* — 1)?

The radicals ¢; and gf are positive imaginary for real # from #=0 to #= o« ! and
w=pt, respectively.

SH Wave at Receiver

ﬁr =0
w2 M(w -
Ay = — 4—7%7;%‘228 [(63)}2—{—5273) # Jo(uwr)
0 A-1)

42
+ (61y2 + d291) —ql—jl (uwr)} P’ (w,4) F1 (#)e90)@ dy
ﬂz = 0

Hete we have:
m m
P'(w,4) = IT # (#) X IT#; (#) X rss (w,y(5)
I+1 2

4 (#) and # (#) are plane-wave transmission coefficients for the j-th interface,
corresponding to downward and upward propagation, respectively:

) =201 1451/ NG) 5 (6) = 2 o1 B7 45| N(3)
N(H) = 05-1 -1 51 + 01 B7 45

rss(w,y (#)) is the SH reflectivity of the reflecting zone and depends on both fre-
quency and apparent velocity or angle of incidence. It can be calculated by matrix



Computations of 17 Waves in Realistic Earth Models 169

Table A-2. The functions A(#) and B(x)

Type of wave A(x) B(n)
at receiver

517/3+337_’iu 53?3—51)/1.”_4 d3ys #®

r 3 — 2
270 2701 a 2nmo} q
B2 —
P d1y3+ d3y1 (242 ',Bz ) u? d3ys—01y1 4
470 q; 27 o1
Table A-3. The functions P(w, #) and g(x)
Response P(w, u) g(n)
m . m m m
PP IT T3 x 1T T;(8) X Rpp(®, y(8) Hag—3bhg—3 by
+1 2 1 +1
m m - m ; m
pPS IT T () X I Us(s) X Rps(w, y(#)) Haq—3bigg—2 bia
+1 2 1 +1
m m , m m
ANY I Uf(u) x II Uy (u) X Rss(w, y(u)) Hag— Y bjgg— 2 by g
+1 2 1 +1
m m m m
P I Uf(u) X IT T (n) X Rsp(w, y()) Hag—2 higi— 2 bjgj
1+1 2 1 I+1
l
H=d—3k
1

methods. The function F;(#) depends on whether or not the influence of the free
surface is to be taken into account at the receivers. It is given in Table A-1. The
function g(#) is the same as that for the S5 response in Table A-3.

P or SV Wave at the Receiver
o)
i = 02M(w) [ [— A@) Jo(wwr) + B(#) Ji(#wr)] P(w,4) Fa(4) ed®o dy  (A-2)
0
[eo]
iy, = w2M(w) [ [A@) Ji(nwr) + B@#) Jo(#wr)] P(w,4) F@#) 9@ dy  (A-3)
0
The functions A(#) and B(#) depend on whether P or ST radiation at the soutce
is considered. They are given in Table A-2. The functions Fy(%) and F3(%) ate analog-
ous to Fi(#) in the case of S/ waves. They are given in Table A-1. The functions

P(w,#) and g(#) depend on the type of interaction with the reflecting zone and are
compiled in Table A-3. The functions 77 (4) and 77 (#) ate plane-wave transmission
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coefficients for P waves and for downward and upward propagation, respectively,
Uj+ (#) and Uj (#) are the corresponding ST/ transmission coefficients. These coeffi-
cients are as follows:

T (4) = 2 gj-1 g1 [(e#2 — 04-1) 4 — (52 + 1) gj-1]/ O(w)
Uj' (4) = 2 g1 gi-1 [(e#? — 0j1) 45 — (#* + 07) 4511/ O®)
Y -
Qf—i ?:—1 T;(”) Ui = Qf—gjz—l
O() = w¥(en® — g-1+ ) — 95 Gi(e#® — 05-1)% — gj—1 gj-1(e#® + ¢5)*
— 0-1 /(9 gi-1+ 41 45) + 2 # gj-195 i1 4
¢ =2 (051 Bj-1— 01 B7)

The P-ST reflectivities Ry, Rps, Rss and Rjp of the reflecting zone are calculated

by matrix methods. Appendix B gives some details.

For the numerical integration of expressions such as (A-2), the angle of incidence
at the top of the reflecting zone, v, is introduced by the relation

Ty (4) = Uy ()

in
Pl (A-4)

¢

where ¢ = o, for the PP and PS response, and ¢ = fp, for the SH, S5 and S P response.
The numerical integration is performed, using equidistant and real values of . The
restriction to real y gives the body-wave response in the corresponding range of
apparent velocities. More details about the numerical calculation can be found in
Fuchs and Miiller (1971). For the special orientation of the double couple, used in
the main part of this paper, and for » =1, formulas (A-2) and (A-3) reduce, after
introduction of (A-4), to expressions (1) through (4).

Appendix B: Caleulation of SS and SP Refleciion Coefficients

Reflection and transmission coefficients of plane elastic waves for a horizontally
layered medium between two half spaces have been calculated, among others, by
Fuchs (1968a) and Cerveny (1974), using the methods of Haskell (1953) and Dunkin
(1965). The desited 5§ and SP reflection coefficients, Rgs and Rjyp, may be calculated
directly from the elements of the Haskell matrix M. This matrix is given by Fuchs
(19684) in the following form:

M=Tp' Gp1-...-G1-Tp

whete Ty, G; and Ty are the matrices of the lower half space, the 7-th layer and the
upper half space, respectively. The elements of these matrices are also given by
Fuchs (1968a). However, since numerical difficulties may arise from a direct appli-
cation of the Haskell matrix, Dunkin’s matrix method which avoids these difficulties
is usually used. The elements of Dunkin’s 6 X 6 matrix M are all possible 2 x2
subdeterminants of the 4 x 4 Haskell matrix M. M is called the delta matrix of M
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(Cetveny, 1974). The construction of delta matrices is described in detail by Fuchs
(1968a) and Cerveny (1974). Since the delta matrix of a product of matrices is equal
to the product of their delta matrices, the delta matrices T, 1, Giand Ty of T3, G;
and T may be used instead of these matrices themselves. Cerveny (1974) has calculat-
ed Rss and R,y in terms of the elements M;; of the Dunkin matrix 41:

Rsp = Mys|Myy  Res = — Mg/ My,

For the calculation of M4, M3 and M3, only the first row of 7', 1, the complete
delta matrices Gj, and the first, third and fifth column of 7' o are needed. Most of
these quantities, i.e. all but the third and fifth column of T, ate given by Fuchs
(1968a). The elements of the third and fifth column of 7Ty are:

(To)1z = — £2 + wo 90 (To)15s =20k

(To)23 = i vo po(2 &2 — Io) (To)e5 =0

(To)ss = — i kpollo — 299 v0) (To)ss =2ivouolo

(To)as = (To)ss (To)as = 4ivo po &2

(To)ss = ivo po(2 £2 — o) (To)ss =0

(To)es = pi(4 k2 vovo — 15) (To)es = 4 ub vo & lo

with
#o = B3 eo (ke — 2, kag = k
Iy =242 — &%, ”°={—i(|/e§0 — B2, kg <k

kgy = o]Bo [R5y — A2, koy =k
kay = 0]oo T {— iy — R2DY, Ry <k

and wavenumber &, circular frequency w, and density g, P velocity «g and § velocity
Bo in the upper half space. In these formulas, we have retained the otiginal numbering
of the layers, used by Fuchs (1968a), which differs from the numbering in this papet.
In applications, the index zero above has to be replaced by the index 7 of the layer
immediately on top of the reflecting zone. The relation between wavenumber £ and
apparent slowness #, as used in this paper, is £=#w.
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