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Abstract. A theoretical model is proposed which de­
scribes the influence of non-uniform ionospheric height­
integrated conductivity distributions on VLF-pul­
sations. The assumption is made that the field-aligned 
currents carried by the wave-field are closed by polar­
isation currents in the magnetosphere and by the irro­
tational part of the height-integrated ionospheric cur­
rents. Current continuity at the magnetosphere-iono­
sphere boundary provides for a differential equation 
governing the reflected electric field for arbitrary non­
uniform conductivity distributions. Model calculations 
for simple, but realistic conductivity and electric field 
distributions show that local shifts of the ionospheric 
field maximum against that of the magnetic field below 
the ionosphere as well as double-peak distributions of 
the electric field can occur. Strong electric field anom­
alies i.e. significant deviations of the electric field distri­
bution as compared with the uniform case occur in 
conductivity gradient zones and fall off rapidly outside. 
The previously predicted 90° rotation between the mag­
netic field below and above the ionosphere does not 
hold generally because the rotation angle depends 
strongly on the conductivity gradients. 

Key words: Geomagnetic pulsations - Magnetosphere­
ionosphere coupling - Ionospheric reflection coefficient 
- Ionospheric rotation effect. 

Introduction 

During the last decade much effort, theoretical and 
experimental, has been made to investigate the nature 
of geomagnetic pulsations in the pc 4-5 range. One of 
the specific problems which has been tackled is the 
influence of the ionosphere on the propagation of hy­
dromagnetic waves coming from the magnetosphere 
and being recorded at the earth's surface as geomag­
netic pulsations. Early attempts to solve this problem 
have been made by Dungey (1963) and Nishida (1964). 
Dungey (1963) has been able to show that the part of 
the disturbance field b which has a vertical current, i.e. 
( J7 x b)z =!= 0, is strongly shielded by the ionosphere while 
that part with (V x b)z =0 is observable at the ground. 
Nishida (1964) studying the effect of the ionosphere on 
storm sudden commencements showed that the mag­
netic field of an incident wave is rotated during passage 

through the ionosphere. A computed solution of the 
problem using a realistic distribution of the ionospheric 
conductivity distribution with height has been given by 
Inoue (1973) and Hughes (1974). Hughes (1974) and 
later Hughes and Southwood (1976) followed the line 
given by Dungey (1963) and were successful in showing 
that the magnetic field of the incident wave is strongly 
shielded by the magnetic field effect of the Pedersen 
current flowing in the ionosphere while the disturbance 
magnetic field below the ionosphere is mainly due to 
the ionospheric Hall currents. Thus the polarisation 
ellipse undergoes a rotation by 90° when passing the 
ionosphere (Hughes, 1974). 

In all the above referenced work it has been as­
sumed that the ionospheric conductivity distribution is 
uniform in planes perpendicular to the ambient mag­
netic field. This is far from being a realistic assumption 
especially in the auroral zone or at the terminator 
between sunlit and dark regions in the ionosphere 
where strong conductivity gradients may occur (see for 
example, Vickrey et al., 1981). 

Recently Saka et al. (1982) gave evidence that polar­
isation characteristics of low-latitude pulsations are se­
verely changed at sunrise i.e. when strong conductivity 
gradients occur. They report that the magnetic D-com­
ponent is much smaller than the H-component before 
sunrise and is increased at sunrise to values comparable 
with the H-component. Doupnik et al. (1977) and Wal­
ker et al. (1979) were able to predict the H-component 
of ground-observed pc 5 pulsations from measured val­
ues of the ionospheric electric field and the associated 
ionospheric currents but failed in reproducing the D­
component. This failure may be due to the conductivity 
gradients occurring in the auroral zone. 

The aim of the present analysis is to work out a 
theoretical basis necessary to investigate the influence 
of ionospheres with horizontally non-uniform conduc­
tivity distribution on the reflection of MHD-waves (see 
also Glal3meier, 1983) and on VLF-pulsations at the 
ground. A similar attempt to tackle the problem has 
recently been undertaken by Ellis and Southwood (1983). 
However, their approach allows only the study of the 
effect of conductivity discontinuities while the present 
work holds for arbitrary distributions of the heigh­
integrated ionospheric conductivity. 

First the model and its basic equations are dis­
cussed while the next two sections are devoted to the 
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ionospheric reflection coefficient and the apparent ro­
tation angle of the wave polarisation ellipse between 
regions above and below the ionosphere. To demon­
strate the compatibility of results of the model used 
with those of previous studies the continuation of the 
wave magnetic field away from the ionosphere will then 
be discussed and the generation of a fast-mode wave 
(see also Hughes, 1974) at the upper boundary of the 
ionosphere due to the reflection process will be demon­
strated. Results of numerical analyses for some realistic 
distributions of the conductivity and of the electric field 
of the incident wave are shown and their consequences 
for ground-based observations of geomagnetic pul­
sations are discussed. 

The model and basic equations 

The coordinate system adopted for the following calcu­
lations is a rectangular one with its x-axis directed to 
the north, the y-direction pointing towards east and the 
z-direction positively downwards. In the coordinate sys­
tem the ionosphere will be represented by a highly 
conducting sheet lying in the horizontal plane at a 
height - h and with integrated Hall and Pedersen con­
ductivities I: H and I: p, respectively. Above this infinitely 
thin sheet ionosphere we assume a uniform semi-in­
finite hydromagnetic region as a model-magnetosphere 
while the region below the ionosphere is regarded as a 
semi-infinite non-conducting atmosphere. 

In the ionosphere the electric field E of an Alfven­
wave generates a sheet current I(x, y) with 

(1) 

where both, L: P and I: H' are arbitrary functions of the 
horizontal coordinates and e8 is a unit vector parallel 
to the ambient magnetic field B0 being normal to the 
plane ionosphere i.e. parallel to the z-axis. Displace­
ment currents have been neglected in (1). Using a gen­
eral theorem of vector analysis I can be split up into 
two current systems (for a discussion of the applicability 
of the Helmholtz theorem to planar vector fields see 
Duschek and Hochrainer, 1961) 

(2) 

with I;,, being the irrotational part and Is/ being the 
source free part of the sheet current system I. The 
following relations hold for I, I;,,, and Is/: 

V· I= V-1;,,=Ep V· E-(VL:H x E)2 + VI:P· E 

(V x llz = (V x I,1lz = L: H V· E + (V L: p x Elz +VI: H. E 

V· Is1 =0 (3) 

(V X Iirrlz = 0. 

For the derivation of the above equations it has been 
assumed that (V x E)2 = -iOJb2 ~0. Such an assumption 
is justified if the incident wave is in the transverse­
mode i.e. there is no b2 -component in the wave mag­
netic field. The assumption (V x Elz = 0 is also justified 
in the more general case when b2 =t= 0. Assuming 
bz ~ 10 nT and OJ~ 2 n/300 s- 1 which is typical for a 
pc 5 pulsation l(V x Elzl is estimated to be of the order 
10- 10 V /m 2 . This must be compared with values of ex-

pressions like V· E which, assuming a horizontal scale 
length ~ 100 km and Ex. Y ~ 20 m V /m (cf. Walker et al., 
1979) are of the order 10- 7 V/m2 • Thus (V x Elz=O is an 
also suitable approximation in the more general case. 
In the hydromagnetic region above the ionosphere the 
transverse wave electric field E is related to a polarisa­
tion current density jp (cf. Bostrom, 1972; Chen, 1974) 
by 

(4) 

where v A is the Alfven-velocity. This polarisation cur­
rent is not necessarily source free and the wave there­
fore carries a significant vertical current (cf. Hughes 
and Southwood, 1976; Greenwald and Walker, 1980). 
Using Ampere-Maxwell's law 

(Vxb)z=µoh 

and 
abl_ 

(V x E)J_ = -at 

(5) 

(6) 

where the subscript J_ denotes the component trans­
verse to the ambient field B0 , one gets the relation 

(7) 

assuming Ez=O, or, with a time dependence ~exp(iOJt) 

( i oE 
h = v- µo OJ az )· (8) 

Thus we have found a relation between the wave-field 
associated field-aligned current and the transverse wave 
electric field E. 

The ionospheric reflection coefficient 

Just above the thin sheet ionosphere the field-aligned 
current distribution carried by the wave must fit with 
that due to the irrotational part of the height-integrated 
ionospheric currents because of current continuity rea­
sons. Because 

v I= V· Iirr = j II (9) 

and with (3) and (8) one has at the height of the 
ionosphere 

( . a 
LpVE-(VI:HxE)2 +Vl:p·E=V· - 1--0 E). 

µow z 
(10) 

Taking into account that E=E1+ER where E1 and ER 
are the electric fields of the incident and the reflected 
wave, respectively, and assuming a variation along z by 
exp(ikzz) with k2 >0 or k2 <0, depending on the prop­
agation direction of the down- or upgoing wave, one 
finds from (10) 

Lp V-(E1+ ER)-(VL:H x (E1+ER)lz+ Vl:p·(E1+ER) 

=Lw V·(E1-ER) (11) 

where a wave conductivity, I: w = 1/ µ0 v A' has been de­
fined (cf. Maltsev et al., 197 4; Mallinckrodt and Carl-



son, 1978). Rearrangement of this equation gives 

(l"p+l"w) 17· ER+ 17l"p· ER - (17.rH x ER)z 

=(l°w-l"p) l7-E1- l7l"p· EI+(l7l"n x EI)z (12) 

which is a differential equation for the determination of 
ER if Ep .r H' .r P' and l"w are given quantities. 

If the ionospheric conductivity is uniform (12) re­
duces to the simple relation earlier derived by Maltsev 
et al. (1974) (cf. also Hughes, 1974; Ellis and South­
wood, 1983): 

(13) 

Two situations may be regarded for which the solution 
of Eq. (12) is straight forward. Let us first assume that 
(17.r P. H x EI)z = 0. As may be easily proved the incident 
and the reflected electric field for this specific case are 
related by Eq. (13) but now Lp depending on the spa tial 
coordinates. The physical reason for the relationship 
found is that the Hall currents are now source free and 
the Pedersen currents are now curl free as in the uni­
form case (cf. Eqs. 3). 

Equation (13) is also the solution of(12) if 17l"p·l=O 
and the ratio I"n/Lp is everywhere constant. In this case 
the divergence of the Hall- and Pedersen currents due 
to the non-uniform conductivity distribution cancel 
each other and the sum of the second and third term 
on the left side in Eq. (11) vanishes as may be easily 
shown. Then (12) reduces to the equation valid in the 
uniform case and this again yields (13). 

For more general cases it is useful to represent the 
reflected electric field just above the ionosphere as the 
gradient of a scalar function, ER= (17¢).L, which is possi­
ble because of (17 x ER)z = O. Then it follows from (12) 

?: 2 ¢ a2 ¢ a¢ a¢ 
~+-a 2 +b-a +c -a =c(x,y) 
(J X y X y 

with 

(5= (aa; + a~n) / (.rw+Lp) 

(
a.rp a.rH) / C= - - - (l° + l° ) ay ax J w p 

c(x, y) = ((l' w - l' p) 17· EI 

- 171' p ·EI+ ( 171' H x E1)z)/(l'w + l' p). 

(14) 

(15) 

For any realistic distribution of the Hall and Pedersen 
conductivities and of the electric field of an incident 
wave (14) must be solved numerically. 

The ionospheric rotation effect 

In earlier analyses about the influence of the iono­
sphere on hydromagnetic waves by Nishida (1964), 
Inoue (1973) and especially Hughes (1974) it has been 
pointed out that magnetic fields due to a transverse 
wave incident from the magnetosphere are seen rotated 
through 90° when observed on the ground. Because this 
apparent rotation has been regarded theoretically by 
the above mentioned authors only in the case of a 
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uniform ionospher ic conductivity distribution, the 
problem must be treated again for a non-uniform con­
ductivity. 

As may be seen from the above considerations con­
cerning the reflection process at the ionosphere Iirr 
serves as a closure current of the polarisation and 
field-aligned currents of the wave, and the current sys­
tem consisting of the magnetospheric currents and Iirr 
constitute a poloidal current system which produces no 
magnetic effect below the ionosphere (cf. Bostrom, 
1964; Vasyliunas, 1970; Fukushima, 1976). Only the 
source free current I sf contributes to the magnetic field 
at the ground, and just below the ionosphere Is/ is 
related to the atmospheric magnetic field b A by (cf. 
Chapman and Bartels, 1940) 

2 
Isf = - - bA x eB 

µo 

from which one has 

2 
(17 x lsf)z= - (17- bAh 

µo 

(16 a) 

(16 b) 

where ' T' denotes that only the derivatives transverse 
to the ambient magnetic field 8 0 are regarded. 

Above the ionosphere the field-aligned current den­
sity j 11 is related to the magnetic field bM of a transverse 
mode wave and by virtue of Ampere-Maxwell's law (5) 
and 17· Iirr = .iii the following relation holds 

1 
17- Jirr=-(17 X bM)z 

µo 
(17 a) 

and because bM is the magnetic field of an Alfven-wave 
i.e. (17· bM)r= O holds, Iir, is everywhere perpendicular to 
bM in the horizontal plane just above the thin sheet 
ionosphere: 

1 
Iirr= - bM x eB. 

µo 
(17b) 

Schematically the situation is sketched in Fig. 1. It 
should be noted that bM is not the total magnetic field 
just above the ionosphere. Also the source free pa rt of 

1' liir 
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-~-bM 
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Fig. 1. Current vectors representing the source free, 151 , a nd 
the irrotational, l,,, , part of an ionospheric height integrated 
sheet current system together with associated magnetic field 
vectors just below, bA , and just above, bM, the ionosphere. 
(bF)1 represents the magnetic field just above the ionosphere 
due to 1,1 
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the height-integrated ionospheric current system, lsf' 
contributes to the magnetic field above the ionosphere. 
As is shown in the following section lsf is associated 
with a fast mode wave whose amplitude decreases 
rapidly away from the ionosphere and thus need not to 
be regarded when discussing the rotation between the 
atmospheric magnetic field and the magnetospheric 
magnetic field far away from the ionosphere. 

It follows from (16a) and (17b) that both bA and bM 
are everywhere perpendicular to lsJ and Iirr' respec­
tively (see also Fig. 1 ). Thus the angle y by which b A is 
rotated with respect to bM, counted counterclockwise if 
viewed from above, is the angle by which Isf is rotated 
with respect to - lirr counted counterclockwise if view­
ed from above. Due to this the determination of the 
ionospheric rotation angle is reduced to the determi­
nation of the irrotational and source free parts of the 
total ionospheric current system. 

The height-integrated ionospheric current, I, can eas­
ily be computed after the reflected electric field has 
been determined (see above). The irrotational part of I 
is then given by 

I. ( ) = __!__ SS ( J7- I)( r') . ( r - r') d S 
"'r 2 I 'lz n s r-r 

(18a) 

(there exist certain, usually fullfilled, conditions on 
the kernel for the integral to exist which are different 
for a plane vector field than for a vector field in space; 
for details reference is made to Duschek and Hoch­
rainer, 1961) and for Isf one has 

(18b) 

From (18a) and (18b) the rotation angle y can easily be 
computed. 

In the case of a uniform ionosphere or if there are 
no gradients of the conductivity perpendicular to E, Iirr 

corresponds to the Pedersen current and Isf to the Hall 
current and thus b A is rotated with respect to bM by 90° 
counterclockwise if viewed from above. 

For the uniform case it follows from (16b) and (17a) 
using the upper two equations of (3) 

(19) 

This relation is similar to the ones earlier used by 
Hasegawa and Lanzerotti (1978) to explain the iono­
spheric rotation effect. 

The above considerations show that results of the 
present work are consistent with earlier results by Ni­
shida (1964), Inoue (1973) and Hughes (1974). 

The fast mode 

As pointed out above lsf also contributes to the mag­
netic field above the ionosphere and according to 
Eq. (16) we have just above the ionosphere: 

(bF)_l =~o Isf x eB 

and 

(V- bF)y= -~o(J7 X lsf)z. 

(20a) 

(20b) 

Because of (20) (J7xbF)z=0 at z=-h and the wave 
launched at the ionosphere due to Isf and with the 
magnetic field bF carries no field-aligned current i.e. the 
polarisation currents flowing are source free. Some in­
sight into the nature of this wave is gained by introduc­
ing a vector potential A with bF = J7 x A so that one 
gets (J7 x J7 x A)=O or, using the Couloumb gauge, 

(21) 

Assuming a spatial vanat10n of A and bF with 
exp(i(kxx+kyy)+kzz) one can easily see from (21) that 
bF is decreases exponentially away from the ionosphere 
i.e. it is a surface wave. 

From the Henry-Faraday law one has 

i a w bF)y=- -a cv x EF)z 
w z 

(22) 

and because of(20b) and (J7xls1)=!=0 (J7xEF)z does not 
vanish and thereby bFz =!=O above the ionosphere. This 
shows that bF and EF must be the magnetic and electric 
field, respectively, of a fast mode wave (see also Hughes 
and Southwood, 1976). 

Due to the continuity of the tangential component 
of the electric field across the magnetosphere-iono­
sphere boundary EF contributes to the total iono­
spheric electric field. From (20b) and (22) one has 

. 2 a 
•s1=1 -- -a EF 

µ 0 w z 
(23) 

or, if J7I P.H = 0, i.e. Isf corresponds to the Hall current, 
and using (23) 

(24a) 

(24b) 

With typical values of 

and w~l/300s- 1 one has IEl~40·IEFI, and thus EF 
can be neglected when compared with E. 

The transverse component of the magnetic field of 
the fast mode, (bF)_l cannot be neglected just above the 
ionosphere when compared with bM. For a uniform 
ionosphere it follows from (17b) and (20a) 

l(bF)_LI IH 
-- ~-

lb Mi 2Ip. 
(25) 

The downward continuation 

Equation (16a) can be used to get some more insight 
into the properties of the wave field below the iono­
sphere. As may easily be verified from (16a) bA is a curl 
free vector field. This can be represented as the gradient 
of a scalar potential Wand one gets 

(26) 



at z = - h. Further down in the atmosphere we have 
Laplace's equation L1W=0 because no currents are 
Oowing there. 

Assuming a horizontal variation of W with exp (ikxx 

+ikyy) one finds from Laplace equation kz=-{k;+k1 

where kz is the vertical wave number and it has beeh 
assumed that W vanishes at z = + oo. Therefore, each 
spectral component of the magnetic potential W or of 
bA will be damped according to the factor exp(-k,(z 
+ h)) when doing the downward continuation of the 
wave field away from the ionosphere. This, of course, is 
a well known fact from potential theory and is widely 
used in the reverse way i.e. upward continuation of 
ground-based magnetic fields towards the ionospheric 
sources (cf. Siebert and Kertz, 1957; Weaver, 1964; 
Mersmann et al., 1979). 

In the case of a uniform conductivity distribution or 
if (J71:P.H x E 1)z = 0 lsf and I;rr are identical to the Hall 
and Pedersen currents, respectively, and one has just 
above and below the ionosphere 

(27 a) 

(27b) 

From this and using the above described downward 
continuation a simple relation between the magneto­
spheric magnetic field bM and the magnetic field bG 
measured at the ground is found 

b~ 1 LH -=--exp(-k h) 
b'.& 2 1: p z 

(28) 

where K denotes the spectral component with horizon­
tal wave numbers kx and kY . The above relation is in 
accord with an expression derived earlier by Hughes 
and Southwood (1976). The exponential decay of each 
spectral component follows as a natural consequence of 
the magnetic field below the ionosphere being solely 
due to the source free part of the ionospheric currents. 
In general the factor 1: H/21: P must be replaced by the 
ratio 11,fl/12 · I;rrl as given by Eqs. (1 8) 

Model calculations 

The Reflection at the Ionosphere 

l n all the following model calculations the electric and 
magnetic fields as well as the corresponding currents 
vary with time ~exp(iwt) and only the real part is 
regarded. Furthermore all model situations regarded 
are either shown for t = 0 or t = T/4 and thus represent 
snapshots of the physical situation assumed. 

Let us first assume model situations where (J71:P.H 
x E1)z vanishes everywhere and thus Eq. (13) holds. As 
has been shown by Hughes (1974) or Newton et al. 
( 1978) the ionospheric reflection coefficient is typically 
very large and chosen for our calculations to be ~0.98 
which gives one with a typical value I'p=4 S a wave 
conductivity 1: w = 5 · 10- 2 S. Furthermore a ratio 1: HI 1: P 
=2 is assumed. With these values we find from (13), 
because of 1: w ~ 1: P a simple relation for the total iono­
spheric electric field and the magnetic field just below 

the ionosphere : 

E ~2I'w = -- E1 
I'p 

129 

(29a) 

b A ~21101: w El. (29 b) 

The magnetic field below the ionosphere thus depends 
mainly on E1 and best represents the structure of the 
incident electric field while the total ionospheric electric 
field depends on both the Pedersen conductivity and 
the electric field of the incident wave. This is of some 
importance when comparing ground-magnetic obser­
vations with measurements of the ionospheric electric 
field. 

As examples, two different model situations are con­
sidered (Fig. 2 and Fig. 3). Following results by Walker 
et al. (1979) who found that the ionospheric electric 
field of pc 5 pulsations is much larger in the N-S com­
ponent than in the E-W component and is confined in 
latitudinal direction to a very narrow region, in each 
case considered, the model electric field of an incident 
wave is assumed to have only a N-S component which 
varies in the N-S direction like a Gaussian function 
and is constant in the E- W direction. For both model 
situations the assumed conductivity distribution is of 
parabolic shape and also varies only in the N- S direc­
tion. 

For the first situation assumed (Fig. 2), outside the 
region of high conductivity, the constant value 0.5 S for the 
Pedersen conductivity is chosen. Using Eqs. (13) and 
(27) the total ionospheric electric field and the magnetic 
field just below the ionosphere has been computed. 
Note that from Eqs. (27) it can be seen that the N-S 
component of the magnetic field just below the iono­
sphere is the same as the E-W component of the mag­
netic field above the ionosphere due to our choice 
LH/Lp=2. 

As one expects from (29b) the magnetic field reOects 
the structure of the incident electric field. It is also 
easily understandable from (29a) that the maximum of 
the total ionospheric electric field is significantly shifted 
with respect to that of the incident electric field and 
therefore also with respect to that of the magnetic field. 
The reason for this is the shift of the maximum of the 
conductivity distribution against that of the incident 
electric field. Observational evidence for the situation 
as displayed in Fig. 2 has recently been given by Poul­
ter et al. (1982) reporting about coordinated magnetic 
and electric field measurements with the TRI AD satel­
lite and the ST A RE radar, respectively. Glaf3meier et al. 
(1981) also reported about shifts of the spatial maxima 
of ground-magnetic and ionospheric electric field obser­
vations. 

The conductivity distribution for the second model 
(Fig. 3) is much broader and has the constant value 
0.1 S outside the high conductivity region. As a result 
of Eq. (13), the distribution of the total electric field 
shows a clear double-peak distribution. The appearance 
of the secondary maximum depends critically on the 
electric field and the conductivity distribution chosen, 
especially where both E1 and I'p are very small. Thus 
double-peak distributions are not expected to be a reg­
ular feature observable in the ionospheric electric field 
of ULF-pulsations. However, Nielsen and Allan (1983) 
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Fig. 2. N-S profiles of the N-S component of the electric field of the incident wave, the adopted model Pedersen conductivity, 
the resulting N-S component of the total ionospheric electric field and the associated N-S component of the magnetic field 
just below the ionosphere which is identical to the E-W component of the magnetic field above the ionosphere because L, H/L, P 
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Fig. 3. As Fig. 2 but for a broader conductivity distribution and L, P = 0.1 S outside the high conductivity region 

report a rare double-resonance pulsation event and dis­
cuss the observed latitude variation of the ionospheric 
electric field in terms of a special magnetospheric plas­
ma density distribution. Figure 3 shows that an alter­
native explanation is possible when analysing the effect 
of the ionosphere on ULF-waves in more detail. 

To consider the effect of conductivity gradients per­
pendicular to the incident electric field, Eq. (14) must be 
solved numerically. A successive overrelaxation pro­
cedure (cf. Mitchell and Griffiths, 1980) has been used 
on a 80 x 40 points grid with 80 points in the E-W 
direction and a spacing of 25 km between adjacent 
points. The electric field of the incident wave used has 

only a N-S component, is constant in the E-W direc­
tion and varies in the N-S direction in accord with the 
fieldline resonance theory (cf. Tamao, 1965; Southwood, 
1974). The amplitude variation and the spatial phase 
are displayed in the top panel of Figure 4 and the 
situation discussed is a snapshot at the time t = 0. The 
conductivity distributions regarded in the following ex­
amples change in E-W direction and are constant in 
N-S direction. As boundary values ofEq. (14) solutions of 
Eq. (13) have been used. 

For different ratios of I H/I P the N-S component of 
the reflected and total electric field along an E-W 
profile north of the maximum of the incident electric 
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field (see the arrow in the top panel) is displayed in 
Fig. 4. Far away from the gradient zone the reflected 
electric field is as in the uniform case and is g iven by 
Eq. (1 3). T hus our aprio ri assumption for the boundary 
values is justified by this result and will be used for all 
further model calculations. Approaching the grad ient 
zone the reflected electric field increases, with the in­
crease depending on the 1:11/ I:p ratio. Outside the gra­
dient zone the elect ric field decreases rapidly to values 
given by Eq. (13). 

To understand this behaviour of the electric field a 
more deta iled discussion of the physics of the reflection 
process is necessary. If the inciden t Alfven-wave ap­
proaches a uniform ionosphere a n ionospheric current 
system with J7· 11 = I: P V E1 builds up a nd field-aligned 
currents jft = I: P J7- E1 are necessary to balance the sys­
tem. However, these necessary field-aligned currents jft 
cannot be carried by the wave-field whose field-aligned 
currents are given by j 

11 
=I: w V· E1 . Thus polarisation 

charges build up which produce the electric field of the 
reflected wave, ER. T his electric field a lso is associated 
with necessary field- aligned currents having the reverse 
sign as jft and a size suitable to balance the field­
aligned current situation at the ionosphere: the sum of 
the necessary field-a ligned currents, I: P · (V · E1 + 17· ER), 
must equal those carried by the wave, Lw · (V E1 

- V· ER) (see a lso Eq. (10)). 
Now, if there a re addit ional necessary field-aligned 

currents j)f, associated with the incident wave due to 
conduct ivity gradients (see F ig. 5) the reflected electric 
field distr ibution necessary to balance the field-aligned 
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Fig. 5. Schematic representation of the conductivity profile 
and the incident electric field in the model situation d isplayed 
in Fig. 4. T he large vector symbols represent the sources or 
sinks of the ionospheric current system o r the necessary field­
a ligned currents associated wi th the electric field of an in­
cident wave. Ip a nd IH are Pedersen and Hall currents ; } ~; 
a nd Ji{ denote necessary field-aligned currents (fu rther details 
see tex t) 

curren ts at the ionosphere must change with respect to 
the unifo rm case. Fo r the situation presented schemati­
cally in Fig. 5 a nd whose numerical solution is given in 
F ig. 4 the gradien t of the Hall conductivity increases 
the field-aligned currents north of the maximum of the 
incident electric field and thus the reflected electric fie ld 
must a lso be increased. South of the maximum the 
gradien t associated necessary fie ld-a ligned currents jl{ 
lower those associated with the divergence of the in­
cident electric field and the reflected electric field is 
expected to be decreased. Th is discussion of the prob­
lem ho lds quali tat ively only because we have not in­
cluded the effect of the E-W component which appears 
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in the reflected electric field due to the fact tha t the 
distribution of the polarisation charges changes also in 
E- W direction in the gradient zone. However, this does 
not significantly alter the results of our qualitative dis­
cussion, as Fig. 6 shows, where the effective reflection 
coefficient is defined as the ratio of the total reflected 
electric field amplitude and the amplitude of the in­
cident electric field. In Fig. 6 the reflection coefficient 
given by Eq. (13), irrespective of any gradients is de­
noted as the ' normal solution'. Inspection of Fig. 6 
shows significant variations between the effective and 
the ' normal ' reflection coefficient with the effective 
coefficient being decreased (increased) south (north) of 
the maximum of the incident electric field in accord 
with our qualitative discussion. Figure 6 a lso shows the 
basic asymmetry of the model with respect to the maxi­
mum of the incident electric field. This will be of some 
importance later on when discussing the influence of 
non-uniform conductivity distribution on ground-based 
observations of ULF-waves. 

While in the model discussed in Fig. 4 the ratio 
r n/I P was everywhere constant Fig. 7 shows results of 
a numerical solution of (14) for L n/Lp changing in the 
E-W direction. Considering the case where I: fl is con­
stant a nd I: P cha nges in the E- W direction, is of some 
interest because the incident electric field causes no 
additional necessary field-aligned currents in the gra­
dient zone. Therefore, one could expect Eq. ( 13) to be a 
solution of (14) but due to the change of the polar isa­
tion charges across the gradient zone the reflected elec­
tr ic field also changes in the E- W direction and there is 
also a n E- W component in the reflected electric field 
(see bottom panel of Fig. 7). This component gives rise 
lo additional necessary field-a ligned currents which 

may be too large to get a bala nce of the field-aligned 
current situation. This balance is then accomplished by 
the E- W component increasing in the gradient zone 
towards east (north of the maximum of the incident 
field, see Fig. 7). The numerical solution of (1 4) for the 
s ituation considered in F ig. 7 furthermore shows the N­
S component of the reflected electric field to be sym­
metric and the E- W component to be antisymmetric 
with respect to the maximum of the incident field. Thus 
similar arguments to those above hold south of the 
maximum. 

Another case of interest is when the Pedersen con­
ductivity is constant throughout and the Ha ll conduc­
tivity changes in the E-W direction (Fig. 7). For this 
case, the numerical solution with the same electric field 
distribution of the incident wave as used in F ig. 4 
shows a sharply increasing N- S component which 
maximizes in the middle of the gradient zone and falls 
off outside of it to values given by Eq. (1 3). Where the 
N-S component has its maximum the E-W component 
changes sign from being positive in the west to negative 
in the east. The N-S component of the reflected electric 
field reaches values as large as those of the incident 
field but of opposite sign. Thus the effect of the re­
flected electric field in th is case is to reduce the diver­
gence of the Ha ll currents in the gradient zone which 
was noted earlier by Ellis and Southwood (1983). 

The influence of a non-uniform ionosphere 
on ground magnetic ohservat ions 

Knowing both the ionospheric conductivity a nd the 
ionospheric electric field (derived as described above) 
gives one the possibi li ty to construct the to tal iono-



[BEJ[!J[!JEJGGIBG!B!BIB ai • · 
[!)[!J[!)(B(B[B[!J[!)EJ[!)EJl!l l1l • • 

GGGGGGl3131313131!1 ~ • · 
131313GGGl3GGGG l!I~ •· 
131313GGGl3GGGG lllm •· 
GGGGGGl3GGGGlllm •· 
GGGGGl313888Glll• • · 

088ffi0 [!)ffi[B0ffil!JIBG ffiG!B !Bffi0 ~· · 
ffi8G8Gillillffi08CBl!lG0ffiffilBG0m • · 
813GGl3G GGGGl313GGGGGGlll w •· 
1313881313GGl3GGGGGGGGl31ll • • · 
9ffiGGGGGGGGf!lrBffiffiillffiGGIB m• · 
GGGl3GGGGGGl3Gl3GGGl3131ll• • · 
Gl!l!B8GrBGGGGGGGGGffiGG0ai •· 
Gl313GGl38138813GGl313GG13 1ll •• · 
G0GGGGGSG08880illGElffi0 m•• 
GGGGGGGGGGGGGGGGGGlllm •· 
GGGl31313GGGGGGGGGl31313 1ll• •· 
GGGGGGGGGGl31313Gl3GGl31!1• • · 
13GGl313GGl313Gl3GGGGl313Gl!le • · 

Conductivity 

+ D 
12 s 

Incident electric f ield 

I t f I f It I II II I I I I I I I I I I I I I I I I I I 
1 1 r r r 1 r 11 r r r r 1 1 r r r I I r 1 1 r r r 11 r r 
1 r r r 1 r 1 11 r r r r 1 r 1 1 r 1 1 r 1 1 1 r r 1 1 1 r 
'' '' '' '' ' It I I ' ' ' ' '' ''' '' '' '' '' . . . ' .. '' .. ' l l l JI I '' . j j l I I I I I I I I I I I I I I I I I I I I I I 

I I I I I I I I I I I I I I I I I I I I I I I I I 
1 I Ii 1 I 1 1 JI I I 1 J J J 1 1 I I I I I I I i 1 I I I 1 JI I I 1 I I J J 

1200mV/m 

Total electric f ield Ionospheric currents 

\It t t 1 1 t 1 IT I 1 1 t 

'' \\\ I\ 1111 I 1111 1 t ' '\ \\ \ l l l l l l l I Ill l I \ '\ \ \ 
'' \ ' ' \ \ ' - - - " ' ' ' ' I I Ill I l I I l I • , 1 JI I JI 

, 1 1 I J II I . \ \ I I I I I I I I I I I I I I I 
I j, j, l I I I I I I l t I I l 

80 mV/m 

lrrotational part 

80mA/m 

Field - aligned current 

~~;;~;~---------~~'~••>>;;;;~;~~~;~;~~~~ 

////--------------~;~!////////////////// 

~~~-----------------~!//~/////////////// 

~~:::::~~~~~~~~--:-:--:--~~((~~~~~~~~~~~~~~~?? 
... ., ... ......... ,, .. .... .. ., . .. . ... ' \ \ ... ~.,. ............ .,...,...,....,....,....,....,....,....,....,....,... 
.,....,... .,....,....,....,....,....,....,....,....,, .,,.,, .,,.,,.,~,,,,r..-r _______________ _ 

.,....,....,...r rrrrrrr.,... .,....,....,... .,... _ ___ r~.,,.,....,....,... .,....,... .,... .,..._.,....,....,....,....,....,....,... .,....,... 

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 200 mA/m 

Source free part 

---------- ............ ~ - - - - -----~ ............. _ ___.. __ ._~~--~~-~ 
.,, .,, J '\. ; 

------- ...-- - - ~ - ------·----~-

80mA/m 

Equival ent current 
a t ground __ ,__ __ ----. ________ .............., '.......-...... ------------

•• + + • + • • .. ,.,.... ..;;--..--..---. ---. -----...... ----.__.......__,,~,.___~-~-~~-

. : : : : : : : : ... : : : : :mt: : : : : : : : : : : : : : : : : -El-EJ-EJ--s-s-s'El's"-8------._.a--8-El-EJ-El-El-El--El--El 
ocoaooaaoocaooooo · • + +cfLJODOOOOODODOD ODD 
oooooooooocccc• · · · · cotrElODDDODDDDDDDDDD G-BBBB@@[!'.J 0 C!i l!l 13 BB- G-G-G-G-G-G-
oooaoooooooaooa .. 0 0 00000000000000 
0 " Cl Cl • D " " " 0" " " " " D •• c 0 OD . 

\ " 
\ \ \ " 

\ \ 

'DOD• . 
coo 

/ ' ' / 
I I 

I '-/ r 
l '-. ...... I I 

'-. ...... '-. I I 

/ I 

I 

+o 
05 µAim2 

Rotation vector 

l ~ 
goo oo 

--------- ..--- -- - ...-- ,,,- .,,........ ...-- - -------
~-D 

15 nT 

Joule heating 

0 0000000000000000 
. ..• . .• ,, . · 00000000000 0000000 

•• c•• c0DD DOOO ODODODDDODD 
•ooco Ooo• • • ••• · ·· · · · · · · 

· • oaDDODOOOOOOOOOO 
• o oooOOODDOOOOOOOO 

• o cc OOOOOOOOOOOOO 

D 
8·10-4 W/m2 

Fig. 9. Conductivity and incident electric field distribution for a model situation to demonstrate the ground magnetic effects of a 
non-uniform ionosphere. The incident electric is as adopted for the model situation displayed in Fig. 4 but for the time instant t 
= T/4. The conductivity variation in E- W direction is as displayed in the middle panel of Fig. 4. Squares and crosses in the 
upper left panel denote Hall and Pedersen conductivity, respectively. In the panel showing the distribution of the fie ld-aligned 
currents squares and crosses denote upward and downward field-aligned currents, respectively. For the numerical calculations a 
grid spacing of 25 km was used while in the figure o nly solutions at each second point are s hown. For the irrotational part, the 
source free part, the equivalent current at ground and the rotation vector only every fourth point of the grid is displayed. The 
angle the rotation vector makes with the y-axis gives the angle by which the magnetic field just below the ionosphere is rotated 
with respect to that far away above the ionosphere if viewed from above. For all panels the left and bottom rows correspond to 
each other 



Total electric field 

' , ' , , , ' 
' I \ \ I I 1 1 1 

' ' 1 1 1 I I 
I I ~ ~\ ~ ~ l l l 111 1 ~\~ ~ ~ ' I 

- / I 
- ~.-111 
' ' ' \ l l 
• ' I \. 

,____... 30 mV/m 

111111 

Fig. 10. A more detailed represen tation of the total electric 
field distribution for the model situation displayed in Fig. 9 

spheric current system and, by using the Biot-Savart 
law, the magnetic disturbance at the ground (cf. Baum­
johann et al., 1981 ). 

To demonstrate this procedure Fig. 8 shows a mod­
el situation with an incident electric field similar to that 
displayed in the top panel of F ig. 4 and the situation 
discussed is a snapshot for t = T/4 where T is the period 
of the wave. The conductivi ty distribution is of para­
bolic sha pe in the N- S direction with a maximum 
value for 1: P of 4 S, and is constant in the E-W direc­
tion (upper left panel of Fig. 8). A ratio l:H/Lp =2 is 
assumed. Equation (13) holds and, with Lw=5.0 
· 10- 2 S, a total electric field as displayed in the 
upper righ t panel of F ig. 8 results. From the total iono­
spheric current distribution the field-aligned currents 
can be derived and a band of enhanced upward direct­
ed field-aligned current flows where E changes sign (cf. 
Greenwald and Walker, 1980). The ground magnetic 
disturbances are represented in terms of equivalent cur­
rents i.e. the magnetic disturbance vector is rotated 
clockwise by 90° if viewed from a bove. Due to the 
electric field and the conductivity being constant in the 
E-W direction, we see purely westward currents flow­
ing in the North and eastwards currents flowing in the 
South. 

The situa tion shown in F ig. 8 may serve as reference 
for the following model calculations (Fig. 9) where the 
same incident electric field is used as before, but a 
conductivity distribution as shown in the middle panel 
of Fig. 4 is used, i.e. there is a change of the con­
ductivity in the E- W direction only. With 1: w 
=5·10- 2 s and l:H/Lp=2, Eq.(14) has been solved 
numerically to yield the total ionospheric electric field 
(see upper right panel in Fig. 9). The section (Fig. 10) 
shows clear deviations of the electric field as compared 
with the uniform conductivity case. The tota l electric 
fie ld vector is significantly rota ted in the gradient zone 
due to the polarisation charges changing in E- W direc­
tion. Both the electric field and the conductivity give 
the total ionospheric current system which can be split 
into source free and irrotational parts (see middle pan­
els of Fig. 9). While in the unifo rm case the source free 
part is equivalent to the Hall current system, part of 
the Pedersen currents in the non-uniform case contr ib-
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ute to the source free part. On the other hand part of 
the H all current system contributes to the irrotational 
part of the ionospheric current system. This and the E­
W component of the total electric field which appears 
due to the conductivity gradients give rise to N-S com­
ponents in the source free part. 

The gradient zone a lso acts to redistribute the field­
aligned currents as compared with the un iform con­
ductivity case (see F igs. 8 and 9) with strong downward 
directed currents in the northern part of the gradient 
zone and upward directed currents flowing in the 
south. Remembering that the field-a ligned currents and 
the irrota tional part of the ionospheric current system 
together with the polarisation currents form a poloidal 
current system whose magnetic effect is not detectable 
at the ground, gives one the equivalent current system 
of the ground-magnetic disturbance. Comparison of the 
corresponding pa nels in Fig. 9 shows the close relation­
ship between the source free and the equivalent current 
system of the ground-magnetic disturba nce. This later 
current system has a clear vortex-like structure due to 
the N- S current components in the source free part. A 
N-S component in the equivalent current system means 
a magnetic disturbance in the D-component a nd thus, 
when crossing the gradient zone from west to east, one 
detects an enhanced D/H ratio as has been observed by 
Saka et al. ( 1982) for the local time region around sun­
rise, where gradients of the ionospheric conductivity are 
expected. 

Using radar measurements of the ionospheric elec­
tric field during times of pulsation activity, Walker 
et a l. (1979) tried to predict the corresponding ground 
magnetic disturbance using a uniform ionosphere. For 
the H component they found good agreement between 
the predicted and actually measured field values but 
fa iled to predict the D component. The discussion of 
the model situation displayed in Fig. 9 shows that this 
failure to predict the D component is probably due to 
choosing a uniform ionosphere rather than one with a 
suitable non-unifo rm conduct ivity. 

Thus observational results by Saka et al. (1982) and 
Walker et a l. (1979) a re understandable taking into ac­
count the influence of a non-uniform ionosphere as 
described in the present work. Further work is under 
way to fit in more detail ST ARE electric field measure­
ments reported about by Walker et al. (1979) and si­
multaneous observations made by the Scandinavian 
Magnetometer Array (Ki.ippers et a l., 1979) using the 
theoretical model and the numerical code outlined 
above. 

Hughes (1974) was the firs t who stated clearly 
that the effect of a uniform ionosphere is to ro tate the 
magnetic disturba nce vector below the ionosphere by 
90° counterclockwise with respect to the disturbance 
vector above. However, our model calculations (see 
lower left pa nel of Fig. 9) show prominent deviations 
from this 90° rotation in the gradient zone. The a ngle 
the rotat ion vector (see bottom left pa nel of Fig. 9) 
makes with the x-axis is the rotation angle as derived 
from a numerical evaluation of the integra l in Eq. (18a) 
a nd using (18b). At the northern and southern bound­
ary as well as in the midd le part, where the magnetic 
fields a re rather small, the derived rotation a ngle is not 
reliable and has been neglected in F ig. 9. The de-
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v1at10ns of the rotation angle from 90° are due to the 
break-down of the simple separation of the ionospheric 
current system into Hall and Pedersen current system 
as source free and irrotational parts, respectively, in 
regions where conductivity gradients occur. Thus any 
detailed comparison of satellite and ground-based mag­
netic observations of ULF-pulsations needs details 
about the ionospheric conductivity distribution on 
which the ionospheric rotation angle depends strongly. 

As a matter of completeness the ionospheric Joule 
heating due to the wave electric field has been com­
puted but no remarkable new features appear and early 
work by Greenwald and Walker (1980) still holds. 

Summary and conclusions 

A theory has been outlined to describe the influence of 
the ionosphere on ULF-pulsations for arbitrary distri­
butions of the height-integrated ionospheric conduc­
tivity. 

Using the concept of splitting a vector field into 
source free and irrotational parts the elliptical Eq. (14) 
for the potential of the reflected electric field is derived 
by matching the irrotational part, Iirr' of the iono­
spheric height-integrated sheet current system with the 
polarisation currents of the wave flowing in the mag­
netosphere. 

Both, Iirr and jp, together with the field-aligned cur­
rents carried by the wave-field, form a poloidal current 
system which has no magnetic effect below the iono­
sphere where the magnetic field is due solely to the 
source free part of the ionospheric sheet current system. 

The concept of splitting a vector field into source 
free and irrotational parts has been used much earlier 
in a similar way by Dungey (1963) to study the effect of 
the ionosphere on hydromagnetic waves. In his attempt 
to tackle the problem Dungey (1963) has separated the 
atmospheric magnetic field into two parts and showed 
that the one with (J7 x blz=t=O i.e. the part associated 
with a vertical current is effectively screened from the 
ground. The remaining part of the ground magnetic 
disturbance is thus curl-free and, when represented by a 
scalar potential, can easily be continued upwards to­
wards the current carrying ionosphere and is seen to be 
due to the source free part of the ionospheric current 
system. Thus our model is quite in accord with 
Dungey's (1963) early work. For a uniform ionosphere 
the magnetic field observable at the ground is found to 
be due to the Hall currents alone which means a coun­
terclockwise rotation by 90° of the magnetic field below 
the ionosphere with respect to that in the magneto­
sphere. This agrees with earlier work by for example, 
Nishida (1964) and Hughes (1974). 

If the magnetic field below the ionosphere is due to 
the source free part of the ionospheric current system a 
scalar potential for the magnetic field can be intro­
duced which satisfies Laplace's equation. It is easily 
shown that the horizontal Fourier components of the 
wave-field below the ionosphere are damped by a fac­
tor exp(-kzh) (cf. Siebert and Kertz, 1957; Hughes and 
Southwood, 1976; note that the ionosphere is assumed 
at a height z = - h ). The source free part of the iono­
spheric currents gives rise to a magnetic field not only 
below but also above the ionosphere where the mag­
netic field is that of a fast mode wave whose amplitude 

decreases exponentially away from the ionosphere i.e. 
it is a surface wave. 

For specific distributions of the electric field of the 
incident wave and the height-integrated ionospheric 
conductivity, the reflected electric field has been de­
termined using Eq. (13) or a numerical solution of 
Eq. (14). It is shown that double-peaked total iono­
spheric electric field distributions, shifts of the iono­
spheric field maximum against that of the magnetic 
field below and above the ionosphere, as well as strong 
electric field anomalies which are confined to the con­
ductivity gradient zones, may occur. By electric field 
anomaly we understand deviations from electric field 
distributions expected for a uniform ionosphere. Due to 
conductivity gradients the simple separation of the 
ionospheric current system into Hall- and Pedersen­
currents as source free and irrotational parts, respec­
tively, breaks down and the distribution of polarisation 
charges giving rise to the reflected wave builds up, 
depending on the conductivity distribution, and any 
electric field anomaly produced by this is confined to 
the gradient zones and falls off rapidly outside. 

Double-peak electric field distributions as men­
tioned above are not expected to be a regular feature 
and we suppose them to be associated with rare dou­
ble-resonance pulsations as reported about recently by 
Nielsen and Allan (1983). However, though we are able 
to explain observed latitude profiles of the electric field 
amplitude, nothing can be said about phase variations 
within the limits of our model. Further work is neces­
sary and under consideration to solve the full wave 
equation with non-uniform ionospheres as boundaries 
of the magnetospheric cavity. 

Our numerical calculations (cf. Fig. 9) furthermore 
show that, due to the above mentioned break-down of 
the separation of the ionospheric sheet currents into 
Hall- and Pedersen current system, in the case of a 
non-uniform ionosphere the Pedersen currents also con­
tribute to the magnetic field at the ground. Thus in the 
gradient zone of our model we find an enhanced D/H 
ratio as has been reported by Saka et al. (1982) in the 
dawn sector. 

We have also been able to show that the 90°-rotation 
(Hughes, 1974) does not hold in general and the ro­
tation of the disturbance vector below and above the 
ionosphere depends strongly on the conductivity distri­
bution (see Fig. 9). 

As a matter of comparison it should be noted that 
the physical ideas used in the present paper are also 
used in other branches of magnetospheric physics. One 
example is the motion of a conducting body in a mag­
netized plasma (cf. Drell et al., 1965; Goertz, 1980, 
Neubauer, 1980), and the model used by Luzemann 
(1982) to describe the generation of Alfven-waves due 
to the motion of Io in the Jovian magnetosphere yields 
the same Eq. (14) used in this paper to describe the 
wave field launched from the ionosphere. Equation (14) 
can also be used to analyse the wave field generated in 
the ionosphere by periodic modulation of the auroral 
electrojet as it has been reported by Stubbe and Kopka 
(1977) (see also Fejer and Krenzien, 1983). 
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