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Abstract. A method of seismic response analysis of 2—D
inhomogeneous structures, based on the ray method and
on the application of the Debye procedure to include slight
absorption, is presented. Program package RESPO, de-
signed for such an analysis of the seismic response on the
free surface of a general 2— D laterally varying, geological
near-surface structure assuming P, SV or SH plane-wave
incidence from below, is briefly described. The package is
tested on the classical model of a sedimentary basin. The
study differs from previous applications of the ray method
to the basin model in the following aspects. The frequency-
domain approach is used. A comparison of the ray method
results with the results of the discrete wavenumber method
for long periods is made. More attention is paid to the
analysis of the formation of the wave field. This analysis
reveals two main types of wave propagation inside the ba-
sin: the dominant horizontally propagating local interfer-
ence waves and less expressive vertically propagating waves
in the central part of the basin. Effects of slight absorption
(Futterman’s causal absorption) are considered. The ab-
sorption causes a decrease in amplitudes and time delays
at later times. The decrease in the amplitudes is not so
expressive because of large periods and relatively short trav-
el times of the waves investigated.
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Introduction

Surface and subsurface topography and/or the presence of
sediments on a rock basement can cause local anomalies
of ground motion or of a macroseismic field. These local
effects have been studied by observing macroseismic effects,
instrumentally and also theoretically. The instrumental and
theoretical (e.g., numerical) methods enable the transfer
properties of local geological structures to be studied. An
advantage of the instrumental methods is that they simplify
neither the local structure nor the incident wave field. The
principal advantage of the numerical methods is that they
enable us to predict a time history of vibrations and make
possible detailed parametric studies and a physical under-
standing of the wave phenomena. A detailed insight into
the wave field in the local structures has not only a theoreti-

cal meaning. The understanding of the basic wave phenom-
ena allows us to make the first qualitative judgement of
the seismic mobility of a site assuming certain knowledge
of the geological structure; this helps, e.g., in better organi-
zation of experiments at the site. Finally, understanding the
basic wave phenomena obtained for a certain group of excit-
ing signals enables us to generalize conclusions on the seis-
mic mobility of a site due to other exciting signals.

Various methods have been used to compute the seismic
response of local geological structures. Let us mention the
matrix method (Johnson and Silva, 1981), the finite-differ-
ence method (Zahradnik and Hron, 1986), the discrete wa-
venumber method (Bard and Gariel, 1986), the boundary
integral method (Dravinski, 1983; Sanchez-Sesma et al.,
1985) and analytical methods (Yerokhin, 1985). The ray
method has been used by Hong and Helmberger (1978),
Langston and Lee (1983), Lee and Langston (1983 a, b) and
Moczo et al. (1986). The Gaussian beam method has also
been used for this purpose by Nowack and Aki (1984). Only
some recent papers have been mentioned here, in which
a number of other references can be found.

Hong and Helmberger (1978), Langston and Lee (1983)
and Lee and Langston (1983a, b) successfully used simple
variants of the ray method to study seismic responses of
simple models of sedimentary basins. Their success and the
availability of program package SEIS83 (Cerveny and
PSencik, 1984) that makes ray computations possible in
more general 2— D laterally varying, possibly absorbing me-
dia have led us to a modification of SEIS83 to program
package RESPO (Moczo et al., 1985). RESPO is designed
for the computation of the seismic response on the free
surface of 2— D laterally inhomogeneous geological near-
surface structures, assuming incidence of a P, SV or SH
plane wave from below. To test RESPO, the classical model
of the sedimentary basin (Boore et al., 1971) was used. The
presented study differs from the study of Hong and Helm-
berger (1978) and Lee and Langston (1983a) in several as-
pects. The frequency-domain approach is used here. More
attention is paid to the analysis of the formation of the
wave field. A comparison with the discrete wavenumber
computations for long periods is made. The effects of slight
absorption are considered.

The terminology used in the seismic response analysis
is introduced in the next section. Then, advantages and limi-
tations of the application of the ray method to seismic re-
sponse analysis are discussed. The frequency-domain ap-
proach to the computation of the seismic response for slight-



ly absorbing media is then described. In principle, any avail-
able model of causal absorption, e.g. Futterman (1962),
Kjartansson (1979), Mueller (1983), can be considered. Here,
Futterman’s causal model is adopted. An algorithm of the
seismic response computations is described and results of
computations are presented. SH-wave ray synthetic seismo-
grams are evaluated on the free surface of the sedimentary
basin assuming a vertical plane wave incident from below.
The synthetics are compared with the results of other meth-
ods (discrete wavenumber method, glorified optics, finite-
element and finite-difference methods). Various features of
the computed wave field are explained in detail with the
use of the decomposition of the wave field into elementary
seismograms of individual multiples and by inspecting their
rays. The limits of applicability of the ray method in low-
frequency response computations are partially studied by
comparing ray synthetics with discrete wavenumber syn-
thetics. Finally, the effect of slight Futterman’s causal ab-
sorption on ray synthetics for different degrees of absorption
is shown.

Let us note that some preliminary results have been
published in Moczo et al. (1986).

Seismic response of local structures

Seismic response analysis (or analysis of seismic mobility)
of a certain local structure should involve an analysis of
the transfer properties of the structure itself and an analysis
of responses to a set of signals that are supposed to represent
possible excitations of the structure during an earthquake.
From this point of view, the seismic response of the local
structure may be defined as a set of four characteristics
of seismic ground motion: namely, an impulse response,
a frequency response, a time history of a response and a
Fourier spectrum of the time history of the response. If
the structure is excited by Dirac d-impulse, the generated
vibration of the structure is the impulse response. The
Fourier spectrum of the impulse response is the frequency
response (spectral characteristics, transfer function). Often,
the modulus of the frequency response is used as the fre-
quency response. Both the impulse response and the fre-
quency response only depend upon the properties of the
structure (for a given type of wave, angle of incidence, azi-
muth), ie., they only characterize the transfer properties
of the structure. In practical computations, it is of no use
to consider higher frequencies that are not important from
the point of view of engineering seismology. Removing the
high frequencies, we obtain a pseudo-impulse response. If
the structure is excited by an arbitrary signal having a finite
effective width of the spectrum, the generated vibration of
the structure is the time history of the response. Instead
of the complex Fourier spectrum of the time history, the
amplitude Fourier spectrum is more often used.

Application of the ray method in seismic response analysis —
advantages and limitations

Let us mention the most important aspects of the applica-
tion of the ray method in seismic response analysis. The
ray method is relatively fast and inexpensive. It is applicable
to laterally inhomogeneous, possibly absorbing media with
a complex surface and subsurface topography, layered and
block structure, and an arbitrary distribution of velocities
and density inside layers. The wave field may be generated
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by an incoming wave with an arbitrary curved wavefront,
incident from an arbitrary direction on the bottom of the
investigated structure. Any high-frequency source-time
function can be used.

In the ray method, the wave field is decomposed into
elementary waves. Thus, individual waves forming the seis-
mic response may be identified, no matter whether the
waves form an interference group or not. This enables the
computed wave field to be decomposed and its physical
nature to be better understood. It is possible to estimate
the importance of individual elementary waves such as re-
fracted, reflected, multiply reflected, converted waves. The
ray method enables us to investigate the physical nature
of wave groups with large amplitudes which may be caused,
for example, by constructive interference or focusing effects.
Since for each wave, rays are traced through the structure,
it is easy to detect the interfaces or regions which are respon-
sible for generating local effects. From the point of view
of a possible decomposition of the computed wave field,
the ray method is very useful even if the seismic response
is computed by other methods such as finite-difference or
finite-element methods that only yield the complete wave
field. The interpretation of the complete wave field comput-
ed by these methods can be complicated even in relatively
simple structures.

The ray method is a high-frequency method. It is appli-
cable if the prevailing wavelength of considered signals is
substantially smaller than any characteristic quantity of the
length dimension (e.g., radius of curvature of boundaries
including the free surface, measure of spatial changes of
velocity, density, impedance, etc.), see Cerveny et al. (1977).
As is shown later, the ray method can give reasonable re-
sults even if the above conditions are not strictly satisfied.
In the high-frequency range, the ray method can comple-
ment the computations by other methods which are more
effective for models whose dimensions are of the order of
several wavelengths (finite differences) or, in principle, low-
frequency methods (discrete wavenumber method). The ray
method is especially important at those sites where only
the study of high-frequency propagation has a practical
meaning.

Since the number of elementary waves in the decomposi-
tion of the wave field may be infinite, only a finite number
of the most important waves is considered in the ray meth-
od. Thus, the ray method does not generally give the com-
plete wave field. Moreover, the computed wave field does
not contain some types of waves, e.g. diffracted waves or
so-called non-ray waves. For this reason, the ray method
does not provide good results in such structures in which
intense diffracted or non-ray waves are generated. For ex-
ample, for diffracted waves caused by topographical anoma-
lies see Zahradnik and Urban (1984). Certain types of dif-
fracted waves can be included in the computations if gener-
alizations of the ray method, such as the edge wave method
(Klem-Musatov and Aizenberg, 1984) or Gaussian beam
method (Cerven)'/, 1985a), are used.

The ray method may be less effective if a large number
of rays is required, especially rays which are reflected many
times inside the structure. Such a situation may arise, for
example, in the computation of the seismic response of a
sedimentary basin with a very large impedance contrast
between sediments and the underlying rocks.

The ray method does not work properly or even fails
in singular regions, such as a caustic region, critical region
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or transition from shadow to illuminated region. The ray
amplitudes are infinite at caustics, and they are not accurate
enough in the vicinity of caustics. This problem could be
removed, for example, by applying the Gaussian beam
method. The caustic may, however, be simply detected in
the computed ray field and taken into account in the inter-
pretation of the computed results. In applications, the prob-
lems connected with the existence of caustics can be avoided
simply by slightly shifting the receiver from the caustic loca-
tion on the surface, as suggested by Hong and Helmberger
(1978) and used, for example, by Lee and Langston (1983b).

Computation of the seismic response
of slightly absorbing structures

The so-called Debye procedure (see Kravtsov and Orlov,
1980; Cerveny, 1985a), and Futterman’s model of causal
absorption (see Futterman, 1962) are used to describe the
behaviour of high-frequency seismic waves in laterally inho-
mogeneous slightly absorbing media. In absorbing media,
Lamé’s parameters 4 and u are complex-valued quantities:
A=Ag—idy, p=pp—ip. (1)
In slightly absorbing media, 4, and y; are small quantities.
They are formally considered to be of order w ™! for w — co.
Let us insert the parameters (1) into the elastodynamic equa-
tion and seek its approximate solution in the form

u=Uexp[—iw(t—1)]. 2

Here U is a complex-valued vectorial amplitude, 7 is the
phase function (eikonal), and @ and t are frequency and
time. We do not repeat the whole procedure of determining
U and 7 since it is very similar to that used for perfectly
elastic media (see C‘erveny and Ravindra, 1971; Cerveny
and Hron, 1980; Kravtsov and Orlov, 1980). We pay atten-
tion only to those steps in the procedure in which it differs
from the procedure for perfectly elastic media.

Inserting Eq. (2) into the elastodynamic equation yields
the basic system of equations of the ray method (Cerveny,
19854, Section 2.3). Since A; and g, are of order ™!, they
do not appear in the first equation from which the eikonal
equations are obtained:

(V)2 =p/(Ag +21g) (3a)
for P waves, and
(V1)* =p/ux (3b)

for S waves. In Eq. (3), p denotes density.

Because of the complexity of Lamé’s parameters, we also
have complex-valued velocities a =0z —ia; and f=fgr—if;
of P and S waves propagating in a slightly absorbing medi-
um. As for perfectly elastic media, we use the notation

B*=u/p, )

from which we get

o =(A+2u)/p,

(;LR+2#R)/p=a12{_aIZ’ .uR/pzﬂlzt—ﬂlz’ (Sa)
Ha/p=2PBrp:- (5b)

(A +2u)/p=2agay,
1

It follows from Eq. (5b) that a; and f§; are of order ™",

like 4;, u;. Neglecting terms of second order in ™!, we

may therefore write the eikonal equation, Eq. (3), in the
form

(V1) =vg? (6)

where vy stands for either ag or Sg. Thus, the rays in slightly
absorbing media are real and may be constructed in the
very same way as in perfectly elastic media (see Cerveny
et al., 1977) with local velocities of P and S waves, ai and
Br-
Let us now investigate the second basic equation of the
ray method, which yields the transport equation. The sec-
ond basic equation for slightly absorbing media has the
form

M(U; Ag, ug) + @ [(4+p) VT (UV )+ Up (V' 1)°].

For the term M(U; A, ug), see Cerveny (1985a) Eq. (2.11),
in which A, u should be substituted by Ag, ug. Thus, the
second basic equation of the ray method for slightly absorb-
ing media differs from the equation for perfectly elastic me-
dia by the term

oA +u) VUV )+ Up(V1)*]~2pw Uvg o
The transport equation then has the form
2pvrdU/ds+pvg U d[In(J pvg)l/ds+2pw Uvg v, =0. (7)

Here, the components of the vectorial amplitude, U;, are
taken in the ray-centred coordinate system. The ray-centred
coordinate system is an orthogonal system, two basis vec-
tors of which are mutually perpendicular in the plane per-
pendicular to the ray. The third vector is tangent to the
ray. The quantity J is the Jacobian of the transformation
from the ray to the Cartesian coordinates. For details and
methods of the determination of the ray-centred coordinate
system and J, see Cerveny (1985a). The quantities vg and
vy stand for ag, o; or Bg, B, s is an arclength along the
ray.
The solution of Eq. (7) gives

U=Y’(Jva)_”2exp(—wjv;zv,ds>, (8)

So

the exponential term describing the decay of the amplitude
due to a slight absorption along the ray path from s, to
s. ¥ is a vector constant along the ray. Inserting Eq. (8)
into Eq. (2), we get

u=¥(Jvgp) 2

-CXP[—iwt+iw | UEI(I+ivzvil)dS]~ O

So

The integrand of Eq. (9) in our approximation (i.e. neglect-
ing terms of higher order in w™?) is equal to the reciprocal
value of the complex velocity,

v l=vr (1 +iv;vg?). (10)

We now assume the frequency dependence of v, and thus
vg and vy, to be expressed by Futterman’s relations

v (@) =vg ' (@)[1+i/2Q(w))], (11)



v (@) =0g (@) {1 = [1/(nQ ()] In(w/w,)},
Q(0)=Q(w) {1-[1/(nQ(w,)]In(w/w,)},

where o, is a reference frequency.
Comparing Eq. (10) with Eq. (11), we get

0™ Hw)=2v,(w)/vg(w), (13)

i.e. the reciprocal value of the quality factor Q is a quantity
of the order ™ !. From Eq. (12) immediately follows

vg(w) Q(w) =vr(@,) Q(w,), (14)

i.e. the product vgQ is independent of the frequency. Let
us assume that we know the velocity and Q distribution
for the reference frequency w,. Then the integrand of Eq. (9)
may be rewritten, by using Egs. (12)«14), in the form

(12a)
(12b)

-1 P -1
vg (o) +§ 07w vg ' (@)
=g Hw)[1-7"'Q ™} (w,) In(w/w,)]

+507 () vk (@) (15)

For the term vg(w) under the square root in Eq.(9) we
may write

UR (Cl)) ~UgR (wr)9 (1 6)

since the second term in Eq. (12a) would produce an addi-
tional amplitude term of the order w~'. In the following,
we consider only one component of u in an arbitrary or-
thogonal coordinate system. For simplicity, we denote this
component u. Similarly, ¥ is the corresponding component
of ¥. Since the term ¥ (Jvgp)~ !/? is generally complex va-
lued, we can rewrite it as follows:

¥ (Jogp)~ 12 =Aexpl(iy). (17)
Inserting Eqs. (15)H17) into Eq. (9), we get

1 t*
u:Aexp{—fwt*—iwl:t—r+?ln(w/w,)]+ix}, (18)

s s
where 1= [ vg '(w)dsand t*= | [vg(w,) Q(w,)] ' ds are the
S0 So
travel time and the global absorption factor. Let us note
that for w<w,, t*n " !In(w/w,) <0, ie. the travel time is
greater for a lower frequency, and vice versa, which is in
agreement with the causality principle.

Expression (18) represents a contribution of one elemen-
tary wave. In the ray method, the resulting wave field u”
is a superposition of all elementary waves arriving at a re-
ceiver: uT =) u*, where u* is the contribution (18) of the

k
k-th elementary wave. From u” we immediately get the fre-
quency response of the structure

UT(w)=Y Ayexp(—Lwt*)
k

- exp {i[xk —% tf In(w/w,)+w Tk]}.

4

In the case of a perfectly elastic medium, t* =0 and

UT(w)= 2 A expli(+ o)l
k

In both cases, the fast frequency response algorithm (see
Cerveny, 1985b) can be used for an effective evaluation of
the frequency response.

The impulse response is the inverse Fourier transform
of the frequency response. Undesired high frequencies
greater than w =w,,,,, can be removed by a smoothing filter
W(w): W(w)=0 for |0|>| W, UY (0)=UT(w) W(w). Ap-
plying the inverse Fourier transform to U" (w), we obtain
the pseudo-impulse response. A response R(w) of the struc-
ture to a signal s(f) with the spectrum S(w) is R(w)
=S(w)U¥ (w) in the frequency domain. Applying the in-
verse Fourier transform to R(w), we obtain the time history
of the response corresponding to s(t).

The above approach to the computation of the seismic
response, in which the frequency response is computed from
travel times, amplitude moduli, phase shifts and global ab-
sorption factors, represents the frequency-domain approach.

An alternative to this approach is the time-domain ap-
proach. In this case we obtain from (18)

- Lo
u=Aexp(tx)E jS(w)exp[—iwt —it In(w/w,)
0

—iw(t—‘t)]dw, (19)

where S(w) is the spectrum of the source-time function s(t).
Let us denote

1 LW
F(w)=5(w) exp[—i wi*—i* ln(w/w,)],

?F(w)exp(—iw9)dw=f(9)+i@(9), (20)
0

ST

where 3=t—1t. Then, for the real part of Eq. (19) we can
write

Re u=A[f(9)cosy—8(9)siny]. (21)

Here, as can be seen from Eq. (20), g(9) is the Hilbert trans-
form of £(9). Equation (21) corresponds to one elementary
wave and it is the well-known formula for an elementary
seismogram in the zero-order approximation of the ray
method. However, f(9) in Eq. (21) is not the source-time
function since f(9) includes the effect of absorption. The
resulting wave field Re u™ will be a superposition of all
elementary waves: Re u” =) Re u*, where
k

Re u* = A, [f (%) cos yi — & (%) sin xe]- (22)

Reu” represents the time history of the response of the
structure to the signal s(¢).

Thus, it is possible to choose between the two ap-
proaches. In the time-domain approach it is necessary to
evaluate the inverse Fourier transform in the computation
of each elementary wave, see Eqgs.(20)+22). In the fre-
quency-domain approach it is sufficient to evaluate the in-
verse Fourier transform only once. Moreover, once the fre-
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quency response has been evaluated, it is easy to compute
time histories for different source-time functions. The fre-
quency-domain approach is therefore more convenient (fas-
ter) than the time-domain approach. The time-domain ap-
proach could be convenient in the case of the computation
of time histories of the responses to special analytical sig-
nals, like Gabor signal, for which simple approximate for-
mulae for their Hilbert transform and for elementary seis-
mograms are derived, see Cerveny (1976) and Cerveny and
Frangié (1980, 1982).

A short description of program package RESPO

Program package RESPO (Moczo et al., 1985) is designed
for the computation of the seismic response on the free
surface of 2 — D laterally inhomogeneous geologic structures
assuming P, SV or SH plane-wave incidence from below.
The basic part of package RESPO is a modified version
of the main program of package SEIS83 (Cerveny and
Psencik, 1984). The algorithm of the computation of the
wave field is based on the zero-order approximation of the
ray method. The computation is performed in two steps.
In the first step, rays, travel times, complex-valued ray am-
plitudes and global absorption factors of individual elemen-
tary waves (e.g. direct, multiply reflected/refracted waves)
are computed by program SEIM and stored. In the second
step, four characteristics of the seismic response (mentioned
earlier) may be computed in program FSYNT from the
quantities stored in SEIM. The frequency-domain approach
is used. Let us mention that such a “two-step approach”
to the computation of the seismic response, which includes
the computation of the impulse response in the first step,
has been suggested for finite-difference computations by
Zahradnik and Urban (1984).

Two-dimensional, laterally inhomogeneous, possibly ab-
sorbing layered structures with curved interfaces and a free
surface, including block structures, vanishing layers and iso-
lated bodies, can be considered. The interfaces may be speci-
fied by a system of points and then approximated by cubic
splines or approximated by analytic formulae. Within a
layer, the velocity distribution is specified at grid points
of a rectangular network and then approximated by bi-
cubic spline interpolation. It is possible to specify several
Q-factor distributions for one velocity model and to com-
pute corresponding global absorption factors along each
ray. Non-causal absorption, as well as various models of
causal absorption (Futterman, 1962; Kjartansson, 1979;
Mueller, 1983), may be considered.

The angle of incidence of the incident plane wave may
be arbitrary. P, SV, SH and converted waves may be com-
puted. The rays arriving at specified receivers are computed
by boundary-value ray tracing based on shooting. The same
procedure as in Cerveny and PSencik (1984) is used for this
purpose. The amplitudes are evaluated by standard ray for-
mulae. In the case of an S wave, the SV and SH ray ampli-
tude components are evaluated simultaneously.

Once rays, travel times, complex-valued amplitudes and
global absorption factors are evaluated, an arbitrary
number of responses for various types of exciting signals
can be computed. As the exciting signal, an analytic impulse
or an arbitrary digitized seismic record may be used, no
matter whether it corresponds to a seismic displacement,
velocity or acceleration. Selections of receivers and elemen-

tary waves are possible. A more detailed description of
package RESPO can be found in Moczo et al. (1985).

Numerical examples

Comparison of ray computations with other computations
for a perfectly elastic medium

SH ray synthetic seismograms at the free surface of a sedi-
mentary basin excited by a vertically incident plane SH
wave were computed. The model of the basin (see Fig. 1)
had been studied by Boore et al. (1971) and subsequently
by many authors using various methods. The seismograms
presented here were computed by program package RE-
SPO.

Figure 2 shows a comparison of synthetic seismograms
evaluated by five different methods: (1) ray method calcula-
tions by RESPO, (2) discrete wavenumber method by Bard
and Bouchon (1980), (3) glorified optics method by Hong
and Helmberger (1978), (4) finite-element method by Hong
and Kosloff, see Hong and Helmberger (1978), (5) finite-
difference method by Boore et al. (1971). Seismograms 2—-5
are taken from Bard and Bouchon (1980).

Since 1980 several other authors have computed seismo-
grams for the basin model. Let us mention Virieux (1984),
who computed seismograms up to 180 s with velocity-stress
finite-difference method, and Kohketsu (1987), who used
the 2 — D reflectivity method for the same model. The agree-
ment of the ray method results with the results of the last
two mentioned authors seems to be quite good, at least
for shorter times.

Besides the direct wave, our computation includes the
waves multiply reflected inside the basin. The multiples are
classified by the number of reflections from the basin bot-
tom. Multiples with up to a maximum of ten reflections
from the bottom are considered.

The basin was successively illuminated by the direct
wave, once-reflected wave, etc., up to the 10-times-reflected
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Fig. 1. Description of the basin model and the exciting wave. The
maximum depth of the basin is 6 km
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Fig. 2. Comparison of SH synthetic seismograms computed by ray
(program package RESPO), discrete wavenumber (Bard and Bou-
chon, 1980), glorified optics (Hong and Helmberger, 1978), finite-
element (Hong and Kosloff) and finite-difference (Boore et al., 1971)
methods for the basin model shown in Fig. 1

wave. The higher the multiple, the greater the number of
rays forming the multiple. Because of the symmetry of the
basin, it was sufficient to illuminate only one-half of the
basin. The results of the boundary-value ray tracing were
carefully checked in order to obtain all rays arriving at
the receivers.

Due to the missing multiples of higher order than 10,
the later parts of the seismograms can be distorted. Time
intervals that should not be distorted by missing higher
multiples are marked by vertical bars (confidence bars) in
Fig. 2. The determination of confidence bars can be demon-
strated on the frame for the receiver at 20 km in Fig. 3a.
We can see that the seismograms of individual multiples
form three nearly vertical branches. We do not expect the
first branch to become stronger for higher multiples than
those shown. Therefore, we define the confidence bar by
the arrival time of the fastest ray of the 10-times-reflected
multiple contributing to the second branch. In this way,
for the receiver at 20 km we get a confidence bar at about
112 s. Confidence bars are frequency independent in perfect-
ly elastic media. They shift to larger arrival times when
absorption is considered, see Fig. 3b.

We have to take confidence bars into consideration
when comparing the seismograms in Fig. 2. At shorter
times, the agreement of all five computations is very good.
At later times, some differences occur. Let us point out
the especially good agreement of ray results with the discrete
wavenumber results. Somewhat surprisingly, there are cer-
tain differences between the glorified optics and our results.
A partial explanation is that the glorified optics method
does not involve 10-times-reflected waves. However, the ab-
sence of these waves cannot fully account for the differences.
This may be seen, for example by comparing the interval
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160-180 s on seismograms for the basin centre in Fig. 2
and seismograms of multiples presented in Fig. 3a. In this
time interval the strongest contributor is the 8-times-re-
flected wave. Possible explanation of discrepancies in later
arrivals are incorrect phase shifts caused by caustics in the
glorified optics method.

There is disagreement in amplitudes between the ray
and discrete wavenumber synthetics at their ends for re-
ceivers at 16 and 20 km, see Fig. 2, which is probably caused
by missing higher multiples in the ray computations. The
corresponding wave groups are due to interference of a large
number (several tens) of contributors with comparable am-
plitudes. Only two of all contributors in the 9-times-reflected
wave at the receiver at 20 km are stronger due to geometri-
cal focusing,

Decomposition of the wave field into contributors along rays

In order to understand the formation of the wave field,
let us investigate the seismograms of multiples and their
rays separately.

Individual lines in Fig. 3a show, starting from the top,
the seismograms of the direct wave (D), the once-reflected
wave (1), etc. for receivers at 0, 4, 8, 12, 16 and 20 km.
The seismograms at the bottom are superpositions of all
the above elementary seismograms. Short vertical lines
again denote confidence bars. In Fig. 3a, a perfectly elastic
medium is considered. The seismograms in Fig. 3b corre-
spond to an absorbing medium and are discussed later.

Three nearly vertical branches may be clearly seen on
seismograms of multiples at receiver positions 12, 16 and
20 km in Fig. 3a. These branches correspond to three clear-
ly separated wave groups in synthetics.

An inspection of the rays arriving at the receiver at
12 km shows the following. The first branch (20-65 s) corre-
sponds to rays entering the basin on the right of the receiver,
travelling between the basin bottom and the free surface
and arriving at the receiver from the right after the respec-
tive number of reflections. An example of rays of this type
is the 8-times-reflected ray shown in Fig. 4a. The second
branch (65-140 s) corresponds to rays (see Fig. 4b) entering
on the opposite (left) side of the basin, travelling across
the basin and arriving at the receiver from the left (ray
2 in Fig. 4b). Some rays travel to the right of the receiver,
where they are reflected to the opposite direction and finally
arive at the receiver from the right (ray 3 in Fig. 4b). The
third branch (140-200 s) corresponds to rays (see Fig. 4c)
entering on the right side of the basin, travelling across
the basin, reflected on the left side of the basin, again travell-
ing across the basin and arriving at the receiver. As in the
second branch, some rays arrive at the receiver from the
left (ray 4 in Fig. 4c), other rays travel to the right of the
receiver, where they are reflected to the opposite direction
and finally arrive at the receiver from the right (ray 5 in
Fig. 4¢).

Practically the same holds for the receiver position at
20 km. The branches are, however, better separated in time
and the rays similar to ray 5 in Fig. 4c are not present.
They would probably appear in higher multiples. The exam-
ples of the rays of the 8-times-reflected wave arriving at
the receiver at 20 km are shown in Fig. 5.

The form of the seismograms at receiver positions 0,
4 and 8 km is more complicated. At 0 km, there are four
branches in seismograms. They are marked by lines 1-4
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Fig. 3a, b. Elementary seismograms of multiples: a without absorption; b with Futterman’s causal absorption, Q =20 at 1 Hz. D denotes
the direct wave, 1 — the wave reflected once from the bottom of the basin, 2 — the wave reflected twice from the bottom of the basin,
etc. The synthetic seismograms (shown also in Fig. 2) at the bottom of each frame are superpositions of all the above elementary seismograms

in Fig. 6a. Since the receiver is situated at the symmetry
axis of the basin, there are, with the exception of the rays
normally incident at the receiver, always two rays which
arrive symmetrically at the receiver. In Fig. 6¢c—¢, only one
of these rays is fully depicted (denoted by R); of the other
one (denoted by L), only the incident part is shown. Line 1
in Fig. 6a corresponds to rays propagating along the verti-
cal axis of symmetry of the basin, see Fig. 6b. Line 2 corre-
sponds to rays entering on one side of the basin, travelling
between the basin bottom and the free surface and arriving
after the respective number of reflections at the receiver.
Figure 6¢ gives such an example for a ray corresponding
to the 8-times-reflected wave. Line 3 corresponds to rays
entering on one side of the basin, travelling to the opposite
side, reflecting there and arriving at the receiver, see Fig. 6d.
Line 4 corresponds to rays that travel only in that part
of the basin where the depth is greater than roughly half
the maximum depth. (It corresponds approximately to the
range interval from —14 to +14 km.) These rays do not
reach the margins of the basin and they are reflected on
both slopes of the basin. Some of them propagate almost

vertically in the narrower central part of the basin. An ex-
ample is shown in Fig. 6e.

There is a slightly different situation at the receiver at
4 km, see Fig. 3a. Since the receiver is not at the symmetry
axis of the basin, branches 2 and 3 from the previous case
(see Fig. 6a) are split into two sub-branches. One sub-
branch corresponds to rays entering on the left side of the
basin, the other to rays entering on the right side. There
are no rays propagating strictly along the vertical axis, as
in the case of the receiver at 0 km. Thus, the maximum
travel times in each multiple correspond to the rays propa-
gating almost vertically in the narrow central part of the
basin and, in the case of higher multiples, also to the rays
that travel inside that part of the basin corresponding ap-
proximately to the range interval from —15 to +15km
and are reflected on both slopes of the basin.

Let us mention several general features of rays and con-
tributions connected with them. The higher the multiple,
the greater the number of rays forming this multiple at
a receiver. The rays with almost vertical elements often be-
come weak contributors after several reflections (small re-
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12 km flection coefficients). This is different for the vertically pro-
pagating rays at the centre of the basin. They are relatively
a A & strongly focused and thus the amplitude decrease due to
reflections is partially compensated for by the focusing. The
1 number of rays with nearly horizontal elements between
the left and right margins of the basin is higher than those
b A 4 with nearly vertical elements. Most of these rays are over-
critically reflected. Thus, the decrease in their amplitudes
2 due to reflections is negligible. The amplitudes connected
v with these rays, however, are often decreased by a large
geometrical spreading.
An inspection of the rays corresponding to the seismo-
3 grams in Fig. 3a (all shown in Fig. 7) suggests the following
explanation of the resultant synthetics. The waves corre-
c h 4 sponding to the rays entering the basin on the right margin
and travelling (with a respective number of reflections) to
4 the opposite side of the basin mutually interfere and form
L 4 a local interference wave propagating from the right to the

Fig. 4a—c. Examples of various types of rays, 8-times reflected from
the basin bottom and arriving at the receiver position at 12 km

left margin of the basin (sometimes called local Love wave).
Rays 1, 6 and 11 R shown in Figs. 4, 5 and 6, respectively,
are examples of the rays of the waves forming this interfer-
ence wave. This wave is denoted by line 1 in Fig. 7. Due
to the symmetry of the problem, a similar interference wave
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20 km

Fig. Sa—c. The same as in Fig. 4, but for the receiver position at
20 km
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Fig. 6. a Formation of the wave field at the receiver at 0 km. Four
branches formed by various waves propagating along various types
of rays are denoted by numbers 1-4. b—e Examples of 8-times-
reflected rays; the rays incident on the left margin of the basin
and denoted by L would have trajectories symmetrical to the rays
incident on the right margin of the basin. The rays of type b contri-
bute to line I in a; of type ¢ to 2;d to 3 and e to 4
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Fig. 7. Synthetic section with marked direct wave denoted by D
and local interference waves propagating horizontally from the
right (left ) margin of the basin to the left (right) denoted by I (2).
After reaching the opposite side of the basin, waves 1 and 2 are
reflected back

propagates from the left to the right margin (line 2). Exam-
ples of the corresponding rays are rays 2, 7 and 11 L in
Figs. 4, 5 and 6, respectively. The interference waves meet
at the centre of the basin. At the margins, the waves are
reflected and propagate back to the side of their origin (rays
4,9 and 12 R and rays 3, 8 and 12 L). There they are again
reflected (ray S in Fig. 4 is an example).

A certain part of the elastic energy is focused in the
central part of the basin and oscillates vertically between
the bottom boundary and the free surface. Rays 10, 13 R
and 13 Lin Fig. 6 are examples.

Thus, we have two main types of wave propagation in-
side the basin: (1) the horizontally propagating local inter-
ference waves (local Love waves) that are observable at all
receivers, see Fig. 7; (2) the vertically propagating wave that
can be seen clearly in the seismograms of multiples for the
receivers in the central part of the basin (0, 4 and 8 km),
see Fig. 6a. It is evident from Fig. 7 that the horizontal
wave propagation is dominant.

Comparison of ray and discrete wavenumber synthetics for
long periods (low frequencies)

The agreement of the ray and discrete wavenumber synthet-
ics in Fig. 2 may be surprising because of the simplicity
and high-frequency character of the ray method. In the situ-
ation shown in Fig. 2, the prevailing wavelength 4, of the
incident wave is approximately twice as large as the maxi-
mum basin depth (1,=13 km, and the depth at the centre
of the basin is 6 km). The radii of curvature of the basin
boundary are approximately 25, 93, 67 and 33 km at O,
10, 16 and 20 km from the centre of the basin, respectively,
i.e. larger than the prevailing wavelength of the incident
wave. It is of interest to find out how accurate the ray
synthetics are for wavelengths comparable with and larger
than the radii of curvature. In the following, we present
the results for prevailing wavelengths of about 28, 42 and
56 km (corresponding to prevailing periods of 40, 60 and
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Fig. 8. Comparison of ray and discrete wavenumber synthetics for
a prevailing wavelength of approximately 28 km (7,=40s). The
results of the discrete wavenumber method are denoted by DW.
The synthetics with numbers are ray synthetics which include suc-
cessively increasing numbers of multiples: I direct wave only, 2
superposition of the direct wave and once-reflected wave etc.

80 s). Since the discrete wavenumber method is a low-fre-
quency method, the accuracy of its results is expected to
be higher for these large wavelengths.

Eleven synthetics for 4,=28 km (T,=40s) for each re-
ceiver are presented in Fig. 8. The synthetics with numbers
are ray synthetics which include a successively increasing
number of multiples: 1 corresponds to the direct wave only,
2 to the superposition of the direct and once-reflected waves
etc., up to 11, which corresponds to the superposition of
the direct wave and all the multiples up to the 10-times-
reflected wave. DW denotes the discrete wavenumber re-
sults. The horizontal and vertical scales are the same for
all seismograms in Figs. §-10. Although the conditions of
applicability of the ray method are not strictly satisfied,
the ray results for the maximum number of multiples in-
cluded (i.e. synthetics 11) resemble the results of the DW
method, especially in the central part of the basin and for
shorter times. In the central part of the basin, even the
amplitudes of oscillations in both results differ only slightly.
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Fig. 10. The same as in Fig. 8, but for a prevailing wavelength
of approximately 56 km (7,=280 s)

Figure 9 shows the ray synthetics 1, 2 and 11, and DW
synthetics, for the prevailing wavelength 42 km (7,=60 s),
Le. nearly twice the minimum radius of curvature of the
basin boundary. As expected, the discrepancies between the
ray and DW synthetics are considerably greater than in
the previous case.

Finally, Fig. 10 shows the synthetics for the prevailing
wavelength 56 km (T, =80 s). In this case, the ray synthetics
including only the direct wave are comparable with DW
synthetics. Addition of any number of higher multiples
would yield worse results.

We can see that the concept of approximating the wave
field by a superposition of multiply reflected waves propa-
gating along the geometrical ray paths fails for wavelengths
larger than the minimum radius of curvature of the basin
boundary. For wavelengths comparable with the minimum
radius of curvature and considerably larger than the depth
of the basin, the concept already yields reasonably good
results in the central part of the basin for shorter times.
The relatively good fit between the direct wave and DW
synthetics for the prevailing wavelength 56 km is probably
a consequence of the lower sensitivity of such a long incident
wave to the basin structure.

The above tests illustrate that the ray method can give
good results even in those frequency ranges where it is not
expected. The ray synthetics are, however, more accurate
and more effective for higher frequencies, with which we
deal in many applications. In Fig. 11, ray synthetics are
shown for four different frequencies which correspond to
prevailing wavelengths of 1.5, 3, 6 and 12 km (i.e. lower
than and comparable with those in Fig. 2). The longest wa-
velength is approximately half the radius of curvature of
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Fig. 12. The effect of Futterman’s causal absorption. Comparison
of the ray synthetics for three values of the quality factor Q: oo
(perfect elasticity), 40, 20. The Q values are specified for 1 Hz

the basin boundary in its central part. It is interesting to
see how the synthetics vary due to interference of contribu-
tors of various wavelengths.

Absorbing effects on the ray method synthetics

Figure 3b and Fig. 12 show the effect of the Futterman
causal absorption on the ray synthetics. Only the absorption
effects along a ray path are considered, the effects due to
reflection/transmission (e.g. see Krebes, 1983) are omitted.
The quality factor Q and velocity are specified for the fre-
quency of 1 Hz. Figure 3b shows the seismograms of indi-
vidual multiples and complete seismograms for Q =20. In
Fig. 12, ray synthetics for Q = oo (perfectly elastic medium),
Q=40 and 20 are shown. The prevailing wavelength is ap-
proximately 13 km in all cases. The decrease in amplitudes
and the time delay are clearly seen at later times. Although
the quality factor is relatively low, the decrease in the ampli-
tudes due to absorption is not so expressive. This is due
to the relatively large periods of the waves and relatively
short travel times. Note that a similar result has been ob-
tained by Zahradnik and Urban (1984).

In the previous comparisons of the ray method with
the discrete wavenumber method we have seen that the
discrepancies between both methods were partially caused
by not considering enough multiples. In models with ab-
sorption, the situation simplifies in this respect since the
higher multiples are more attenuated (due to their longer
travel paths) than the first onsets. Thus, it seems that the
ray method is not only well suited for the computation
in slightly absorbing media, but it may be even more ade-
quate there.

Conclusion

A method of seismic response analysis of 2—D absorbing
structures, based on the ray method, is presented. The fre-
quency-domain approach to computing the seismic re-
sponse has been chosen since it is more effective than the
construction of ray synthetic seismograms by the summa-
tion of elementary seismograms (i.e. time-domain ap-
proach). Moreover, the frequency-domain approach allows
simple recomputation of time histories for different source-
time functions once the frequency response is known.

The computation of the seismic response is performed
in two steps. In the first step, rays, travel times, complex-
valued ray amplitudes and global absorption factors of indi-
vidual elementary waves are computed. In the second step,
four characteristics of the seismic response (the frequency
response, impulse response, time history of the response,
spectrum of the time history) are computed from travel
times, complex-valued amplitudes and, if required, also from
global absorption factors. Once we know these quantities,
we can compute seismic responses for practically any high-
frequency exciting signal.

SH ray synthetic seismograms have been computed on
the free surface of the classical sedimentary basin assuming
vertical SH plane-wave incidence. The synthetics were com-
pared with synthetics computed by the discrete wave-
number, glorified optics, finite-element and finite-difference
methods. Within the bars of confidence, especially good
agreement has been found between the discrete wavenumber
and ray method results.

A detailed inspection of individual elementary waves
forming the seismograms and their rays revealed two main
types of propagation inside the basin: the horizontally pro-
pagating local interference waves observable at all receivers,
and the vertically propagating wave in the central part of
the basin.

The comparison of ray synthetics with discrete wave-
number synthetics for wavelengths comparable with and



larger than the minimum radius of curvature of the basin
boundary has shown the following. The concept of approxi-
mating the wave field by a superposition of multiply re-
flected waves with geometrical ray paths fails for wave-
lengths larger than the minimum radius of curvature of
the basin boundary. For wavelengths comparable with the
minimum radius of curvature and considerably larger than
the depth of the basin, the concept yields reasonably good
results in the central part of the basin for shorter times.

The effect of Futterman’s causal absorption on the ray
synthetics has also been demonstrated. It produces a de-
crease in amplitudes and time delays at later times.

Without doubt, the ray method is a useful tool in seismic
response analysis. It can be applied to rather complicated,
even slightly absorbing media and enables a detailed insight
into the computed wave field. It is relatively fast and gives
sufficiently accurate results, especially for higher frequencies.
If waves reflected many times are to be computed (as they
were in our study in the case of a perfectly elastic medium),
it is advisable to use some new concepts like paraxial ray
approximation to make the procedure more efficient. It
would not be difficult to consider, instead of plane-wave
incidence, incidence of a wave generated by a point source
or even by an extended earthquake source and to study
combined effects of the structure and the source.
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